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Abstract. Fermionic expressions for all minimal model Virasoro characters 
Xr',s are stated and proved. Each such expression is a sum of terms of fun- 
damental fermionic form type. In most cases, all these terms are written 
down using certain trees which are constructed for s and r from the Takahashi 
lengths and truncated Takahashi lengths associated with the continued frac- 
tion of p'/p. In the remaining cases, in addition to such terms, the fermionic 
expression for Xr.'s contains a different character Xf 'f i ^^'^ thus recursive 
in nature. 

Bosonic-fermionic tj-series identities for all characters Xr.'s result from 
equating these fermionic expressions with known bosonic expressions. In the 
cases for which p = 2r, p = 3r, p' = 2s or p' = 3s, Rogers-Ramanujan type 
identities result from equating these fermionic expressions with known product 
expressions for Xr.'s ■ 

The fermionic expressions are proved by first obtaining fermionic expres- 
sions for the generating functions Xa f c(^) length L Forrester-Baxter paths, 
using various combinatorial transforms. In the L — > oo limit, the fermionic ex- 
pressions for Xr'f emerge after mapping between the trees that are constructed 
for b and r from the Takahashi and truncated Takahashi lengths respectively. 
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1. Prologue 

1.1. Introduction. The rich mathematical structure of the two-dimensional con- 
formal field theories of Belavin, Polyakov, and Zamolodchikov ^] is afforded 
by the presence of infinite dimensional Lie algebras such as the Virasoro algebra in 
their symmetries. Indeed, the presence of these algebras ensures the solvability of 
the theories. In the conformal field theories known as the minimal models, which 
are denoted Mp^p where 1 < p < p' with p and p' coprime, the spectra are express- 
ible in terms of the Virasoro characters x^/P where 1 < r < p and 1 < s < p'. The 
irreducible highest weight module corresponding to the character x^'f has central 
charge c^'^ and conformal dimension A^'f given by: 

(1 1) ^,P' ^ I _ - Pf ^p,p' ^ (P'r " Ps)2 - {p' - pf 



pp' ' App' 

In j^OniEnij it was shown that Xr's ~ q^^^^ Xrls i where the (normalised) char- 
acter Xr's is given by: 

-. oo 

(^l 2) ^P>P' — (^q^^Pp' + Hp'r-ps) _ ^(Ap+r)(Ap' + s)-j 

and as usual, {q)oo = Di^iCl -<?*)• Note that Xr',s' = Xp-r,p'-s- 

An expression such as (11.21) is known as bosonic because it arises naturally via 
the construction of a Fock space using bosonic generators. Submodules are factored 
out from the Fock space using an inclusion-exclusion procedure, thereby leading to 
an expression involving the difference between two constant-sign expressions. 

However, there exist other expressions for Xr's that provide an intrinsic phys- 
ical interpretation of the states of the module in terms of quasiparticles. These 
expressions are known as fermionic expressions because the quasiparticles therein 
are forbidden to occupy identical states. Two of the simplest such expressions arise 
when p' — 5 and p = 2: 

oo „n(n+l) 

/, n\ 2,5 Q 2,5 1 

Here, (g)o = 1 and {q)n = n"=i(l ~ 9*) for n > 0. Equating expressions of this 
fermionic type with the corresponding instances of (|1.2|) yields what are known as 
bosonic-fermionic g-series identities. In this paper, we give fermionic expressions 
for all Xr's ■ doing so, we obtain a bosonic-fermionic identity for each character 

■yP,P' 

Ar,s ' 

From both a mathematical and physical point of view, further interest attaches 
to the fermionic expressions for Xr's because in certain cases, another expression is 
available for these characters. This expression is of a product form and is obtained 
from (|1.2|) by means of Jacobi's triple product identity j27[ eq. (11.28)] or Watson's 
quintuple product identity j27[ ex. 5.6]. The former applies in the cases where 
p — 2r or p' — 2s, giving: 

oc oo 
(1-4) Xr,/ = II 1 _ ' ^r,s = H T~^o" ' 

n^Ojibrs (mod rp') n^O,itrs (mod sp) 
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The latter applies in the cases where p = 3r or = 3s, giving: 

oo ^ oo 

(1-5) xl:f'= n T— ^rf= n r 



n— 1 n—1 
n^O,±rs (mod 2rp') n^O,±rs (mod 2sp) 

Ti^±2r(p'-s) (mod4rp') n^±2s(p-r) (mod4sp) 

It may be shown (see ^1 E]) that apart from these and those resulting from 
identifying xTr'y-s — Xr^f and Xp~r,2s — Xr.'s" Hl-5|l . there exist no other 
expressions for Xr's products of terms (1 — (7")^^. 

In the case where r — 1 and p' — 5, the first expression in (|1.4|l yields via H1.3|l . 
the celebrated Rogers- Ramanujan identities ^37. ,38, : 

00 CXD ^ 

(1.7) l^TT i . 

i^o /J(l-g5.-3)(i_55,-2) 

Via l|1.4|l or p.5|l , the fermionic expressions for Xr's given in this paper thus lead 
to generalisations of the Rogers- Ramanujan identities in the cases where p = 2r, 
p = 3r, p' = 2s or p' = 3s. 

In fact, prior to the advent of conformal field theory, the search for generalisations 
of the Rogers-Ramanujan identities led to many expressions that are now recog- 
nised as fermionic expressions for certain Xr's ■ Slater's compendium |41j contains, 
amongst other things, fermionic expressions for all characters when {p,p') = (3,4), 
when (j>,p') — (3,5) and, of course, when {p,p') = (2,5). The multisum identities 
of Andrews and Gordon [3 UHl deal with all cases when {p,p') = {2,2k + 1) for 
k > 2. In [3], Andrews showed how the Bailey chain may be used to yield fur- 
ther identities, and in particular, produced fermionic expressions for the characters 
xl'l'''^^, xI'm^i^, xlik+i and X?;2fc+2 for fc > 1. The Bailey chain together with 
the Bailey lattice was further exploited in to yield more infinite sequences of 
characters (see pl652] for these sequences). 

Another route to the Virasoro characters is provided by two-dimensional statis- 
tical models or one-dimensional quantum spin chains that exhibit critical behaviour 
[3 221 • In this paper it suffices for us to concentrate on the restricted solid-on-solid 
(RSOS) statistical models of Forrester-Baxter [201 IH] in regime III, because all Vi- 
rasoro characters Xr'f arise in the calculation of the one-point functions of such 
models in the thermodynamic limit. 

The RSOS models of EB] are parametrised by integers p', p, a, b and c, where 
1 < p < p' with p and p' coprime, 1 < a,b,c < p' and c = 6 ± 1. (The special 
cases where p = 1 or p — p' — 1 were first dealt with in 0: the p — 1 case may 
be associated with regime II of these models.) Here, the use of the corner transfer 
matrix method ^ naturally leads to expressions for the one-point functions in 
terms of generating functions of certain lattice paths. Such a path of length L is a 
sequence /lo, hi, /i2, . . . , h^, of integers such that: 

(1) I < hi <p' -1 ior <i < L, 

(2) h,+i = hi±l for <i < L, 

(3) ho ^ a,hL = b. 



6 



TREVOR WELSH 



The set of all such paths is denoted 'Pa'hci^)- 

Each element of V^'^ ^{L) is readily depicted on a two-dimensional L x [p' — 2) 
grid by connecting the points {i,hi) and (i + l,hi^i) for < i < L. A typical 
element of 7^2 4 3(14) is shown in Fig.^ 




1 2 3 4 5 6 7 8 9 10 U 12 13 14 



Figure 1. Typical path. 



Each path h G 'Pa'bd^) assigned a weight^ wt{h) G Z>o, whereupon the 
generating function Xa'l c(^) defined by: 



(1.8) 



By setting up recurrence relations for Xa'^ ci-^) i^'^'^ Appendix IB|) . it may be 
verified that: 



-\-X{p' r—pa) 



(1.9) 

where 
(1.10) 



A=-c 



L 

L+a-b 



-p'X 



q{^P+r){Xp' +a) 



A— — oo 



L+a-b 
2 



p'X — a 



pc 

7. 



h-c+l 



and, as usual, the Gaussian polynomial [^] is defined to be: 



(1.11) 



\iO<B <A- 



{q)A-B{q)B 

otherwise. 



So as to be able to take the L oo limit in (|1.9|l . we assume that \q\ < 1. Then, 
if r = or r = p. 



(1.12) 



L — *oo 



^This weighting function is described in Section 12.31 It makes use of the values of p and c. The 
weighting function is not required for this introduction. 
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Otherwise, if < r < p, 

(1-13) lim x:'UL)=x'^i'- 

In view of this, we refer to XaUc(^) ^ finitized character. 

Since the expression H1.9|l is of a similar form to H1.2|l and the former yields the 
latter in the L ^ oo limit, we refer to H1.9|l as a bosonic expression for Xa'bc(^)- 
In this paper we first derive fermionic expressions for Xa1)c(^)- fermionic 
expressions for Xr'a then arise in the L — » oo limit. For example, for L even, we 
have (c.f. |23 p43i): 

OO 

(1-14) X^2h(L) = Y^q 

ri=0 

Using p. 13(1 and ((1.10|) . in the L ^ oo limit, these yield the fermionic expressions 
for the characters Xi'2 ^-nd Xi'i given in H1.3|l . 

Note that en route to the bosonic-fermionic q-series identities for the characters 
Xr's : "^e will have proved bosonic-fermionic polynomial identities for the finitized 

characters Xa'b d^)- 

From a physical point of view, a systematic study of fermionic expressions for 
Xr'f was first undertaken in j3U| . An excellent overview of this and related work 
is given in |31j . In |3()j . fermionic expressions were conjectured for all the unitary 
characters Xr's^^j ^^^^ ^O'" characters Xi'a!^^^ where fc > 2, and characters 

X('p-'^i)/2,(p+i)/2 fo'^ P 0^^- expressions for x?;f"^^ and Xp-tj+i-s in 

|30| are different, but since these two characters are equal, two different fermionic 
expressions for each character Xr's^^ are thus provided. A further two expressions 
for each character Xr'f^^ were conjectured in and proofs of these and the 
expressions of [30] were given in the cases of p = 3 and p — 4. A proof of the 
expressions of |3U| in the special case where s = 1 was given in |l(Jj using the 
technique of "telescopic expansion". A similar technique was used in to give 
a proof of all four expressions for each Xr'?^^- In |43[ 144) . an analysis of the 
lattice paths described above, provided a combinatorial proof of two of the fermionic 
expressions for Xr's"*"^- In [21], a combinatorial proof along the lines of that used in 
the current paper, was given for all four fermionic expressions for Xr's^^- ^ proof 
for the Xi'i^^ case using Young tableaux and rigged-configurations was presented 
inffH. ' 

Fermionic expressions for Xr's ^'^^ all p and p' , and certain r and s, were stated 
in 52- To specify the restrictions on r and s, let T be the set of Takahashi lengths 
and T the set of truncated Takahashi lengths associated with the continued fraction 
of p' /p (these values are defined in Section [T3|) . Then either both p' — s G T and 
r g T, or s G T and r G T and either s > sq or r > ro, where vq and sq are the 
smallest positive integers such that \p'ro —psq\ — 1. From the point of view of path 
generating functions, the reason for this strange restriction is expounded in |25|. 

The expressions of ^T] were proved and vastly extended in ^21 to give fermionic 
expressions for all Xr's where s € T and r is unrestricted except for 1 < r < p. In 
the most general cases, these expressions are positive sums of fundamental ferm- 
ionic forms whereas in all previous expressions a single fundamental fermionic form 
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was involved. The expressions of [12j are obtained through first using telescopic ex- 
pansion to derive fermionic expressions for the finitizations x^^% c(^)- these finitized 
expressions are linear combinations, not necessarily positive sums, of fundamental 
fermionic forms. An interesting feature of the resulting fermionic expressions is that 
they make use of a modified definition of the Gaussian polynomial. As explained 
in [221, the modified definition of the Gaussian polynomial serves to account for 
terms that correspond to a character where p and p' are smaller than p and p' 
respectively. In this article, we provide and prove fermionic expressions for all Xr'^ 

and Xa'6c(^)- Here, the modified Gaussian polynomial does not correctly account 
for the extra terms that sometimes arise. Thus we revert to the original definition 
of the Gaussian polynomial, and deal with the extra terms, which again correspond 
to a character , by writing a recursive expression for xJJ'f : a sum of a number 

of fundamental fermionic forms plus x?'? . Since p' < p' , this recursive expression 
terminates, and in fact, the degree of recursion is small compared to p' . 

As described later, obtaining the fundamental fermionic forms that occur in 
the fermionic expression for Xr's requires the construction of two trees: the first 
depends on s and the Takahashi lengths for p' /p, and the second depends on r and 
the truncated Takahashi lengths for p' /p. The first of these tree constructions is 
similar to the recursion underlying the "branched chain of vectors" of p340]. 
Obtaining the fundamental fermionic forms that occur in the fermionic expression 
for Xa'bc(-^) ^^^"^ requires the construction of two trees — one for a and one for 6, 
with each constructed using the Takahashi lengths for p' /p. In fact, in our proof, 
these expressions are derived first, and the fermionic expressions for Xr's emerge 
after taking the L — > oo limit. 



I. 2. Structure of this paper. In the remainder of this prologue, we describe our 
fermionic expressions for Xr's Xa'bd-^) ™ detail. Central to these expressions 
is the continued fraction of p' /p, for which the notation is fixed in Section [l.3l The 
fermionic expressions for the Virasoro characters Xrjs stated in Section 11.41 as 
a positive sum over fundamental fermionic forms F{u^ , u^) where it^ and are 
certain vectors. The F{u^, u^) are manifestly positive definite. The construction of 
the vectors and u^, and the notation required to define F{u^,u^) is described 
and discussed in the subsequent Sections ll . 51 through II . 1 21 

The fermionic expressions for Xr'f s-iid X^'bd-^) have a recursive component in 
that they (sometimes) involve a term Xf'g or x'^'g . {L) respectively, where p' < p' 
and p < p. These terms are specified in Section 11.131 where a limit to the degree 
of recursion is also given. 

The fermionic expression for a particular X^% c(^) given in Section [TTl or 

II. 151 depending on the value of b. In either case, Xa'bc(^) expressed in terms 
of fundamental fermionic forms F{u^,u^,L) which are also manifestly positive 

definite. In the case in Section ri.141 the expression for x^'b c(-^) ^ positive sum of 
such terms. However, as described in Section [1.151 in the other case we use linear 
combinations of such terms with both positive and negative coefficients. 
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Complete examples of the constructions that are described in this section are 
provided in Appendix ^ Maple programs that construct (and evaluate) the ferm- 
ionic expressions for any case are available from the author. 

The proof of these expressions occupies Sections |5] through |51 In Sectional we 
discuss various interesting aspects of these expressions and their proof. 

Appendices lO iDl andlEl give some technical details that are required in the proof. 
Appendix IbI provides a proof of the bosonic expression 1)1. 



1.3. Continued fractions. The continued fraction of p'/p lies at the heart of the 
constructions of this paper. Let p and p' be coprime integers with I < p < p' ■ If 



p' ^ L 

— = Co H 

P ^ 

ci H 



1 

Cn-2 H 



1 

Cn-1 H 

Cn 



with a > 1 for < i < n, and c„ > 2, then [co, ci, C2, . . . , Cn] is said to be the 
continued fraction for p' /p. 

We refer to n as the height of p'/p. We set t = co + ci + • • ■ + c„ — 2 and refer 
to it as the rank of p' /p. 

We also define:^ 



fc-i 



(1.15) tfc = -l + ^c„ 

for < k < n + 1. Then tn+i = t + 1 and i„ < < — 1. If the non-negative integer 
j < tn+i satisfies tk < j < tfc+i, we say that j is in zone k. We then define C(j) = k. 
Note that there are n + 1 zones and that for Q < k < n, zone k contains Ck integers. 



1.4. Fermionic character expressions. Here, we present fermionic expressions 
for all Virasoro characters Xr's where 1 < p < p' with p and p' coprime, 1 < r < p 
and 1 < s < p'. 

Using notation that will be defined subsequently, when p' > 3 the expression for 
X^'f takes the form: 



(1.16) x??:r'= ^ i^(^t^w^) 



Xfj if ??(s) = fi{r) and s ^ ^ f; 
otherwise, 



where U{s) and I4{r) are sets of ^-dimensional vectors that are described below. 
For i-dimensional vectors and u^, the fundamental fermionic form F[u^, u^) 



^The t„+l defined here differs from tliat defined in I11II12I . and that defined in 1211 . 
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is defined by: 



ni,ri2,...,nt^GZ>o 



nT:^ n 



where the sum is over non-negative integers rii, n2, . . . , nt-^ , and — ti — l)-dimen- 
sional vectors'^ m = (mt^+i, mtj_|_2, . . . , mt-i) each of whose integer components is 
congruent, modulo 2, to the corresponding component of the vector Q{u^ + u^) 
which we define below. The ii-dimensional vector h is defined by: 

(1.18) h = {ni~ \ui,n2 - \u2, ■ ■ . ,nt^_i - \ut^^i,nt^ - \ut^ + \mt^+i), 

having set (ui, U2, . . . , Wt) = +u^. We also set = X{s,u^) and = 
X{r, u^), where this and all the other notation occurring in the expressions (jl.l6|l 
and H1.17|l will be defined in the subsequent sections. In the particular cases for 
which p = 2, we find that t = ti + 1 and yet rrit is undefined. We obtain the correct 
expressions by setting mt — 0. 

The exceptional case of {p,p') = (2, 3) is dealt with by: 

(1-19) Xll^xli^l, 

which follows from 1)1. 2|l and Jacobi's triple product identity, or simply from the first 
case of ()1.4|l . The expression 1)1.1911 is sometimes required when iterating (|1.16|l . 

We note that in the cases where p' = p + 1, certain choices mean that up to 
four fermionic expressions for Xr'?"*"^ arise from H1.16|l . These are the expressions 
of pi]. One choice is as explained in footnote O in Section [TTI and an analogous 
choice is available in Section n~51 In cases other than p' = p+1, only one fermionic 
expression for Xr's arises from H1.16|l . 

We also note that when r = 1, the expression obtained from 1)1.16)1 does not 
always appear to coincide with a known expression for the same character [TTI [HI 
121) . However, the discrepancy appears only in the {ti + l)th component of u^. It is 
easily seen (see Lemma I^TTj) that this discrepancy has no effect on the summands of 
1)1.17)1 . In these cases, the known expressions may be reproduced by setting ai — ti 
in the description of Section H"^ instead of the stated di = ti + 1. 

1.5. The Takahashi and string lengths. For p and p' coprimc with 1 < p < p', 
we now use the notation of Section 11.31 to define the corresponding set {Ki}*=o 
of Takahashi lengths, the multiset {Ki}*^o truncated Takahashi lengths, and the 
multiset {li}l^Q of string lengths. These definitions are based on those of )42l I12j . 
First define yk and Zk for — 1<A:<?T.+ Iby: 

y-i = 0; z_i = 1; 

yo = 1; zo = 0; 

Uk = Ck-iVk-i + Vk^2] Zk = Ck-iZk-i + Zk-2, (l<fc<n + l). 



vectors in this paper will be column vectors: for typographical convenience, their compo- 
nents will be expressed in row vector form. 
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In particular, yn+i = p' and z„+i = p. Now for tk < j < tk+i and < fc < n, set: 

= Vk-i + {j - tk)yk; 
Kj = Zk-i + (j - tk)zk; 
I] = Vk-i + {j - tk - l)yk- 

Note that Hj = Ij+i unless j = tk for some fc, in which case kj^. = yk and 
^tfe+i = yk-i- It may be shown (see Lemma IE.8II that if j is in zone k then 
Kj/kj has continued fraction [cq, ci, . . . , Ck-i,j — tk]. In particular, yk/ Zk has con- 
tinued fraction [co,ci, . . . ,Cfc_i] for < fc < n + 1. We define T = {Ki}*Zo ^^"^ 
T' = {p' — /ti}*ZQ (we do not include in the former, nor p' — Kt in the latter). 
Apart from the cases in which p = 1 or p = p' — 1, we find that T C] T' = (i). We 
also define T = and T' = {p — iii}lZti+i- (We see that these latter 

two sets are the sets T and T' that would be obtained for the continued fraction 

[C1,C2, . . . ,C„].) 

For example, in the case p' — 223, p — 69, which yields the continued fraction 
[3, 4, 3, 5], so that n — 3, {ti,t2, t^, 14) = (2, 6, 9, 14) and t — 13, we obtain: 

{2/fe}L-i -{0,1,3,13,42,223}, 

{^fe}L-i = {1,0,1,4,13,69}, 
{Kj}]io = {1, 2, 3, 4, 7, 10, 13, 16, 29, 42, 55, 97, 139, 181}, 
{HjVjio = {1, 1, 1, 1, 2, 3, 4, 5, 9, 13, 17, 30, 43, 56}, 
= {1, 2, 1, 4, 7, 10, 3, 16, 29, 13, 55, 97, 139}. 

Then T = {1, 2, 3, 4, 7, 10, 13, 16, 29, 42, 55, 97, 139} and T = {1, 2, 3, 4, 5, 9, 13, 17, 
30,43}. 

1.6. Takahashi trees. This and the following two sections describe the sets U{s) 
and U (r) that occur in (|1.16l) . 

Given a with 1 < a < p' , we use the Takahashi lengths to produce a Takahashi 
tree for a. This is a binary tree of positive integers for which each node except the 
root node, is labelled ai-^i^..^^ for some fc > 1, with ij G {0,1} for 1 < j < fc.^ 
The root node of this tree is unlabelled. Each node is either a branch-node, a 
through-node or a leaf-node. These have 2, 1, or children respectively. Each child 
of each branch-node is either a branch-node or a through-node, but the child of 
each through-node is always a leaf-node. Naturally, each child of the node labelled 
o-iii2---ik is labelled ai^i2---ikO or at^i^.-.i^i. In fact, our construction has ai^i^...i^^a < a 
and Ui-^i^-.-i^i > a for non-leaf-nodes and ai^i^...i^ = a for leaf-nodes. 

We obtain the Takahashi tree for a as follows. In the case that a G T U T', 
the Takahashi tree comprises a single leaf-node in addition to the root node. This 
leaf-node is oq = a, and the root node is designated a through-node. Otherwise the 
root node is a branch-node: ap is set to be the largest element of T U T' smaller 
than a, and ai the smallest element of T U T' larger than a. We now generate 
the tree recursively. If ai-^i^...if, ^ a, and \ai-^i.^...i^ — a| G T then we designate 
o.iii2---ik ^ through-node and define Oiji^ - ifcO = a to be a leaf-node. Otherwise, 
when |aiii2 - ifc ~ a| ^ ^, we make at-^i^-.-i^ a branch-node. We take Kx G T to 



This notation will be abused by letting a^ji^ ■ ifc denote both the particular node of the tree, 
and the value at that node; the interpretation will be clear from the context. 
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be the largest element of T smaller than {ai-^i^.-.i^ — a\. Then, for ik+i G {0,1}, 
set fli^i^.-.j^i^^j = ajii2---ifc + This ensures that ai^^^...i^o < a 

and ctijij - ifci > ^- It is easy to see that the tree is finite. In fact, each leaf-node 
occurs no deeper than n + 1 levels below the root node. Thus, there are at most 
2" leaf-nodes. A typical Takahashi tree is shown in Fig. [21 




AqOO flgiO '^lOO ^101 '^llO 



T t 

^1000 '^1010 

Figure 2. Typical Takahashi tree. 

In fact, precisely this Takahashi tree arises in the case for which p' — 223, p — 69 
and a — 66: the nodes take on the values oq = 55, ai = 84, aoo = 65, aoi = 68, 
flio = 55, flu = 68, aioo = 65, aioi = 68 and aooo = agio = oiooo = aioio = aiio = 
66. 

Note that the above construction ensures that |aiii2 - j):-i ~<^iii2---ik I ^ f'^'' each 
node ai-^i^-.-i^. that is present in the Takahashi tree for a. In addition, it is readily 
seen that if ai-^i2...i^, is a branch-node, then aijij-.-i^.! — aiyi2...i^o G T. 

For each leaf-node Oi^ij-.-i^Oj we also set Ui-^i^-.-i^i — ai^i2---ik0 = « for later 
convenience. 

1.7. Takahashi tree vectors. Using the Takahashi tree for a, we now define a set 
hl{a) of i-dimensional vectors. The cardinality of this set is equal to the number 
of leaf-nodes of the Takahashi tree. First, for < j < i -I- 1, define the vector 
Bj = {5ij, 52j, ■ ■ ■ , Stj) where, as usual, the Kronecker delta is defined by 6ij = 1 if 
i = j and Sij — otherwise. Then, for 0<z<j<i-|-l, define: 

(1.20) Mij^e, -ej - et,. 

k:i<tk<j 

Given a leaf-node ai-^i^...i^, we obtain the corresponding vector u G U{a) as 
follows. We first define a run X — {tj, Oj, Aj}^^]^. Set i = 1 — i for i G {0, 1}. If 
ttjj G T, set Ai = — 1 and define ui such that Kq-i = a^^, otherwise if aj-^ G T', set 
Ai = 1 and define ai such that Kq-i = p' ~ o-Ji-^ For 2 < j < d, set Aj ~ —{—ly^-^ 

^In the cases where p = lorp = p' — 1, we have TuT' = {2, 3, • ■ • , p' — 2}. If 1 < a-^ < p' — 1, 
we may proceed by considering either a^^ £ T or ay^ 6 T' . The two alternatives lead to different 
equally valid expressions. 
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and define aj such that Ka-j = |aiii2 - b-i ~ aiii2---ij^itj\- Define ti ~ t + 1. For 
2 < J < define Tj such that n-rj = a-iii2---ij-i^ ~ flni2 - ij-20- FinaUy define: 

'0 if Ai = -1; 



(1.21) «(^) = 5: n.„.,.,„ + ^; I ^ 



rn— 1 

The set lA{a) comprises ah vectors u{X) obtained in this way from the leaf-nodes 
of the Takahashi tree for a. 

To iUustrate this construction, again consider the case p' = 223, p — Q% and 
a — 66. In the case of the leaf-node aioio, we have |aioi — axon I — '2- — ki, 
aio — fliool = 10 = K5, |ai — anj = 16 = K7 and — bb ~ kio, and hence 
(J4 1, 0-3 = 5, CT2 = 7, and cti = 10. Also, we have aioi — aioo = 3 = K2, 
flu — flio = 13 = Kg and fli — flo = 29 = Kg, and thus = 2, — 6, 
T2 = 8 and ri = 14. Since oq G T, we have Ai = —1 leading to the run 
= X = {{14, 8, 6, 2}, {10, 7, 5, !},{-!, 1,-1,1}}, from which using Jmil . we 
obtain the vector m(A'i) = (1, — 1, 0, 0, 1, — 1, 1, — 1, 0, 1, 0, 0, 0). In the case of the 
leaf-node aooo, we obtain the run X2 = X = {{14, 8, 2}, {12, 6, 0}, {1, —1, 1}}, which 
yields the vector 14(^2) = (0, —1, 0, 0, 0, 0, 0, —1, 0, 0, 0, 1, 1). After performing sim- 
ilar calculations for the leaf-nodes aoio, aiooo and ano, we obtain the set: 

W(66) = {(1,-1,0,0,1,-1,1,-1,0,1,0,0,0), 

(0,-1,0,0,0,0,0,-1,0,0,0,1,1), 

(1,-1,0,0,1,-1,0,-1,0,0,0,1,1), 

(0,-1,0,0,0,0,1,-1,0,1,0,0,0), 

(1,-1,0,0,0,-1,0,0,0,1,0,0,0)}. 

Given a, the run X — {tj , aj , Aj } may be recovered from the vector u e W(a) , 
and thus we define X{a, u) — X. We also define A(u) = A^. For example, in the 
case of the vector u = (1, —1, 0, 0, 1, —1, 1, —1, 0, 1, 0, 0, 0) that arises in the above 
example, we have <Y(66, u) — Xi and A(m) = 1. 

I. 8. Truncated Takahashi tree. For 1 < r < p, we now mirror the above con- 
structions of the Takahashi tree, the set U{a) and the vectors X{a^u) using the 
truncated Takahashi lengths in place of the Takahashi lengths. 

The truncated Takahashi tree for r is obtained by using the prescription given 
in Section 1 1.61 for a = r, after replacing each occurrence of T and T' with T and 
T' respectively, and using truncated Takahashi lengths kj in place of Takahashi 
lengths Kj. 

For instance, in the case p' = 223 and p = 69, where T = {1, 2, 3, 4, 5, 9, 13, 17, 
30, 43} and T' = {68, 67, 66, 65, 64, 60, 56, 52, 39, 26}, the truncated Takahashi tree 
for r = 37 is given in Fig. 01 

We now use the truncated Takahashi tree for r to produce a set hl{r) of t- 
dimensional vectors, the cardinality of this set being equal to the number of leaf- 
nodes of the tree. 

For each leaf-node ?'iii2 - i<i the truncated Takahashi tree for r, we obtain the 
corresponding vector it £ W(r) in a similar way to the prescription given in Section 

II. 71 as follows. We first define the run X = {fj,aj, Aj}j^^. If G T, set Ai = — 1 
and define cti such that Ka-j = Tj^, otherwise if r^-^ € T', set Ai = 1 and define (Ti 
such that Ka-i — P — fj-^. For 2 < j < d, set Aj — — (— l)'^-i and define aj such 
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30 39 




35 39 37 



I i 

37 37 

Figure 3. Truncated Takahashi tree for r = 37, p' = 223, p = 69. 



that Kctj = \nii2---ij-i - ''iii2 --i3-iii I- Define fi = i + 1. For 2 < j < d, define Tj 
such that Kf. = riji2...i._2i — riji^ - i -20- Finally we obtain the vector u = u(X) 
using (|1.21() . Since the number of leaf-nodes of the truncated Takahashi tree for r 
is at most 2"-\ we then have \U{r)\ < 2""^ 

To illustrate this construction, again consider the case p' = 223, p = 69 and 
r = 37. In the case of the leaf-node rooo, we have |roo — t'ooiI ~ 2 ~ K4, |ro — 
^01 1 = 9 = Kg, and ri = 39 = p — kh, and hence = 02 — 8, and di = 
11. Also, we have roo — foi ~ A — and rg — ri ~ 9 = Kg, and thus fa = 
6, = 8 and fi = 14. Then, after noting that ri £ T', we obtain the run 
X = {{14, 8, 6}, {11, 8, 4}, {1,-1,-1}}. The use of (tL^ then yields u{X) = 
(0, 0, 0, 1, 0, —1, 0, 0, 0, 0, 1, 0, 1). After performing similar calculations for the leaf- 
nodes roio and rip, we obtain the set: 

iY(37) = {(0,0, 0,1, 0,-1, 0,0, 0,0, 1,0,1), 
(0,0,0,1,0,-1,1,-1,0,0,1,0,1), 
(0,0,0,1,0,-1,0,-1,0,0,1,0,0)}. 



1.9. The linear term. With to,ti,t2, ■ ■ ■ , tn+i and t as defined in Section [TTSI for 
each i-dimensional vector u — (ui, U2, ■ • • , Mt), define the (t — l)-dimensional vector 
= {u\,u\,...,u\^^) by: 

.^22) = / " iftfe < j <ifc+i, fc = 0(mod2); 

^ ■ ' \ u, if tfe < j < tfc+i, fc ^ (mod2), 

and the (t — l)-dimensional vector = (m}, Mj, . . . , uf_i) by: 

(j ^ f if tk < j < tk+i, k = (mod 2); 

^' ' "^ {0 if ife < j < <fc+i, fc ^ 0(mod2). 

Then, of course, {u)j = {u^ + u^)j for l<j<t. 

We also define It = (^4^+2, "ti+a, • ■ • , ut), = (""ti+n ""(1+2' ■ ■ ■ ' ""t-i)' ^-i^d 

—J _ / tj tt i \ 

— (.""ti-l-li ""41+2' • ■ ■ ' ""t-l J- 

For convenience, we sometimes write «[,, i6j, u\, and for m'', m", m'' and It' 
respectively. 



FERMIONIC EXPRESSIONS FOR VIRASORO CHARACTERS 



15 



1.10. The constant term. Here we obtain the constant terms j{X^ , X^) that 
appear in H1.17|l . 

First, given the run X — {tj, aj, Aj j^^j^, define the t-dimensional vector A.{X) 
by." 

" ' " if Ai 



(1.24) 



MX) = E ^ 







-1; 



if Ai 



1. 



Note the similarity between H1.24|l and p. 21(1 . To iUustrate this definition, consider 
the run Xi = {{14, 8, 6, 2}, {10, 7, 5, 1}, {-1, 1, -1, 1}} obtained in SectionlTTIabove 
in the case where p' = 223, p = 69 and a = 66. Here, (|1.24|) yields: 

A(A'i) = (1,-1,0,0,-1,1,1,-1,0,-1,0,0,0). 

Using (imil . the runs X^ = {t^^ , af , Afj'jti and X'^ ^ {r/, , Af give 
rise to vectors A.^ = A.{X'^) and = A{X^). From these, we iteratively 
generate sequences {/St, Pt-i, ■ ■ ■ , Po), (a*, at-i, . . . , ao), and (7*, 7t_i,...,7o) as 
follows. Let at = Pt — — 0. Now, for j G {t,t — 1, . . . , 1}, obtain a^-i, Pj-i, 
and 7j-i from aj, Pj, and "fj in the following three stages. Firstly, obtain: 

(1.25) (/3;-i,7;-i) = if3j + (A^), - (A%,7, + 2a,(A%). 

Then obtain: 



(1.26) 
Finally set: 



(1.27) (aj_i,/?j_i,7j^i) = 



(aj_i,a„-(a^_i)2-7j^0 

if j = i/c + 1 with 1 < A: < n; 
otherwise. 



.(a"_i,/3j-„i,7"_i) 

Having thus obtained 70, we set j{X^ , X^) — 70 whenever a^n > 0. This 
definition suffices for the purposes of writing down the fermionic expressions for 
Xr's because, with T = {'*i}*=t\+ii the construction of Section [TTSl ensures that 



However, for later purposes, values of ^{X^ , X^) are required when aj^i 



. 0- 

We specify this and also ^'{X^,X^) as follows. First obtain 70 as above. Then, 
with a — a^n and A = A^h : 

or 6 = p' — 1, then set 



if p' > 2p, fj = 0, A = 1, and either 

7 = 70 - 2(a - b), 
if p' > 2p, cr = 0, A = —1, and either 



(fc+l)p 




bp 


p' 




.P' . 



y - 7 - 2L; 



(b-l)p 




bp 


p' 




_p' _ 



or 6 = 1, then set 



7 = 70 + 2(a - b), 7' = 7 - 2i; 



if p' < 2p, cr = 0, A = 1, and either 

7 = 70 + 2(a - b), 

if p' < 2p, (T — 0, A — —1, and either 
7 = 70 - 2(a - b), 



(b+l)p 

p' 



(b 



or b = p' — 1, then set 
7 + 2L; 

or 6 = 1, then set 
7 + 2i. 



^The values {Aj}^_j^ should not be confused with the components of A(A'). 
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Otherwise, we set 7 = 7' = 7o- We then define ^{X^ ,X^) — 7 and ^'{X^ ,X^) = 

i- 

Note that although the constant term 7'(A'^, X^) is independent of the compo- 
nents of m, in certain cases it does have a dependence on L. 

1.11. The quadratic term. In this section, we define the {t — ti — 1) x [t — ti — 1) 
matrices C, C , and the ti x ti matrix B that occurs in p.l6|) . 

First, with to,ti,t2, ■ ■ ■ ,tn+i and t as defined in Section [T31 define Cji for < 
hj^t by, when the indices are in this range. 



(1.28) 



C. 



0,3- 



iij^tk, /c = 1, 2, . . . ,n; 
< j < t otherwise. 



and set Cji — for 
define the matrices: 



1' ^3 J ^ 2, Cjj+i -1, 
i ~ j\ > 1. Also define Bji = min{z, j} for 1 < i,j < ti. Then 



C — {Cjjti+i<j<t, 

ti + l<i<i 



C — {C'-,i}ti+2<j<t, 
ii + l<i<i 



- {Bjt}i<j<ti- 
i<j<ti 

Note that C is tri-diagonal, and C* is upper-diagonal. The matrices C and B^^ 
may be viewed as minor generalisations of Cartan matrices of type A. 

To illustrate these constructions, consider the case p = 9 and p' = 67, where the 



continued fraction of p'/p is [7,2,4] and ti 
we obtain: 



C 



6, t2 = 8, = 12 and t 





B 



1 2 



111 
22222 
12 3333 
12 3444 
12 3455 

2 3 4 5 6 



11. Here, 

2\ 



The t xt matrices C and C* are conveniently defined here as well. With Cji as 
in (|1.28|) above, set: 



C — {Cji}o<j<t, 

0<i<t 



C* — {Cji\i<j<t- 

Q<i<t 



Then C is tri-diagonal, C* is upper-diagonal, and C and C are the lower left 
{t — ti — \) X {t — ti — 1) submatrices of C and C* respectively. 

To illustrate these constructions, consider the example of p = 9 and p' — 31, 
where the continued fraction of p'/p is [3, 2, 4] and ti = 2, ^2 = 4, = 8 and t — 7. 
Here: 



C = 



I 



V 



-1 

2 -1 
-1 1 
. -1 



1 

2 -1 
^1 1 
. ~i 



■2/ 



c* = 



-1 2 -1 
-1 1 
-1 



V 



1.12. The mn-system and the parity vector. The mn-system is a set of t 
linear equations that depends on u — (ui, U2, . . . , itt) = and which defines 

an interdependence between two ^-dimensional vectors n = {ni,n2, . . . ,nt) and 
rh = (toq: wi, . . . , mt-i). The equations are given by, for I < j < t: 

(1.29) ^j-i ~ ^j+i — ™j + 2rij — Uj if j — t^, A: = 1, 2, ... , n; 

(1.30) "ij-i + rnj+i ~ 2mj + 2n, — otherwise, 
where we set rat = mt+i = 0. 
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Then (|1.29|l and H1.30|l imply that for rh and n satisfying the mn-system, 

(1.31) -C*rh^2n-u. 

Since C* is upper-triangular, its inverse is readily obtained to yield: 

(1.32) rri= {C*y^{-2n + u). 
We now define Qi e {0, 1} for < i < t, by: 

(1.33) {Qo, Qi, Q2, . . . , Qt-i) = iC*)-^u, 

and define the {t— l)-dimensional parity vector Q{u) — {Qi, Q2, ■ ■ • , Qt-i) a-nd the 
{t — ti — lydimensional parity vector Q{u) — (Qt-^+i,Qti+2, ■ ■ ■ ,Qt~i)- It is readily 
seen that we also have Q{u) = [C )^^u. 

The restriction m = Q{u^ + u^) in expression p. 17(1 ensures that the quantity 
i(C m — — u^)j is an integer for ti + 2 < j < t. 

1.13. The extra term. Define {^^j^^LV^ ^"^^ {C^lfco"^ according to £,0 — — 0, 

C2c„-i =p', l2c„-i and 

for 1 < fc < c„. For example, when p' = 223, p — 69, we obtain: 

telLo = {0,42,55,84,97,126,139,168,181,223}; 
UJLo = {0,13,17,26,30,39,43,52,56,69}. 

For 1 < s < p' , define 77(3) = £ where < s < ^^+1. Similarly, for 1 < r < p, define 
77(r) = £ where £,1 < r < The values of p' , p, f and s that occur in H1.16|l are 

then defined by: 

P' = in(s) + l - £ri{s) , 

=?'-|r,(s), 
S = S- ^^(s). 

In fact, it may be shown (see AppendixEJ that if 77(5) = f}[r) and f ^ 7^ s so 
that the extra term actually appears in H1.16|l . then the continued fraction of p' /p 
is given by: 

[co,ci, . . . ,c„_2] if 77(5) is odd; 

] if r?(s) G {0,2c„- 2}; 

[co, ci, . . . , c„_i — 1] if 77(5) is even, < 77(5) < 2c„ — 2 and c„_i > 1; 

[co, ci, . . . , c„_3] if 77(5) is even, < 77(3) < 2c„ - 2 and c„_i = 1. 

(Here, if a continued fraction [cq, . . . , c„'_i, c„'] with c„' — 1 arises, then it is to be 
equated with the continued fraction [cq, . . . , c„'_i + 1].) 

We then see that the height of the continued fraction of p' /p is at least one less 
than that of p'/p. Since, we cannot have p = 1, the recursive process implied by 
((1.16|l terminates after at most n steps, where n is the height of p' /p- 
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1.14. Finitized fermionic expressions. In this and the foUowing sections, we 
provide fermionic expressions for the finitized characters x^ fc c(-^) where I < p < p' 
with p and p' coprime, 1 < a,b < p' and c — b ± 1 and L = a ~ b (mod 2). In fact, 
in the proof that occupies the bulk of this paper, these expressions for Xa'b c(^) 
proved first, and the expressions H1.16|l for Xr's derived therefrom. 

The expressions for Xa'tcW ^^^^ naturaUy into two categories. The first deals 
with those cases for which: ^ 



(1.36) 



2 <b<p' -2 and 



{b+l)p 




(6 - l)p 


I p' _ 




I P' J 



xf|,(i) if77(a)=77(6)anda^07^6; 
otherwise. 



Here we may take either c = 6 ± 1 because for these values of b, b-ii-^) 

In these cases, we have the identity: 
(1.37) 

where the sets W(a) and iY(&) are defined in Section [lTI F{u^,u^,L) is defined 
below, and using the definitions of Section [1.131 we set: 

p' = 6,(q)+i ~ C»)(q)' 

P — + l ~ 

a = a - £.,j(a), 

b = b- ^j^{a), 



(1.38) 



and 



(1.39) 



if c = e,(.) > and [(^J.[(^J+1; 



if c = L(a)+i < P' and 



|^(6+l)pJ _ 


(6-l)p 




P' 



c — S.rj[a) otherwise. 



When ri{a) — r]{b) and a ^ Q ^ b (so that the extra term actually appears in 
(|1.37|l ). the continued fraction of p' /p is again as specified in Section [1.131 after 
setting s — a. 

For the finitized characters x^'^ ^ {L) , the fundamental fermionic form is defined 
by: 

(1.40)i^(M^,M^,L) = 



t-i 



jrh Crh- 



1 r 2 1 I „,n 



(uf+^f)-m+i7'(A-^,A-«) -Q 



rrii 



where the sum is over all {t — l)-dimensional vectors m = (toi, m2, . . . , TOt_i), 
each of whose integer components is congruent, modulo 2, to the corresponding 



'^Later in this paper, we refer to values of b which satisfy ll.36i as interfacial. 
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component of the vector Q{u^ + u^), and where we set rh — {L, mi, m2, . . . , mt-i). 
We also set = X{a,u^) and = X{b,u^), as defined in SectionO When 
t = 1, F{u^, , L) is still defined by (|1.4l)|) . after interpreting the (empty) product 
as 1 and omitting the summation. 

As will be seen later, the first component of (|1.32() gives: 

t 

(1.41) mp = (2n, - Uj) , 

i=i 

where li,l2, ■ ■ ■ ,lt are the string lengths defined earlier. For the practical purposes 
of evaluating the expression (|1.4U|) . we identify toq with L and write (|1.41l) in the 
form: 

(1.42) Y.hn,^^lL + J2hui\. 

i=l \ i=l / 

The summands in H1.40|l then correspond to solutions of this partition problem with 
rii £ Z>o for 1 < i < t, with {rrijYjZ^ obtained using H1.32|l . or equivalently, using 
((T^ and ijrnnj). 

Note that when using H1.37|l . the expression H1.38|l can sometimes yield b G 
{1,;3— 1}. In the subsequent iteration, (|1.36|) is thus not satisfied, and the fermionic 
expression for x^'? .(L) must be obtained using the expressions of the following 

Section Fl.lSI Also note that H1.39|l might yield c S {0,p'}. Although this is no 
impediment to using the expressions of Section Fl.lSI the bosonic expression (|1.9|) 
does not immediately apply for c e {0,p'}. In Section we show how H1.9|l may 
be extended to deal with c e {0,p'}. 

1.15. Fermionic-like expressions. In this section, we -pTOvide fermionic-like ex- 
pressions for Xa'b ci^) cases for which b does not satisfy H1.36|l . In contrast to 
the case where (|1.36|l holds, the value of c here does affect the resulting fermionic 
expression. Indeed here, Xa.M-il^) ¥^ xlS,b+iW- 

The statement of these expressions involves sets U^{b) where, for A e {±1}, we 
define: 

U^{b) = {u£U{b) : A(m) = A}. 

Therefore, we have the disjoint union U{b) — U^{b) IJ U^{b). 
For p' > 2, we then have the following identity:^ 

+ I ''(°) = '^(^) and a ^ 7^ &; 

[ otherwise, 

where F{u'",u^,L) is as defined in (|1.4U|) . F{u^,u^,L) is defined below, and the 
other notation is as in Section im 

^In some very particular cases 11.431 reduces to 11.371 . To describe these, let t» = ti if p' > 2p, 
and let t* = t2 if p' < 2p. 11 1 < b < t, then U'ib) =U{b) and U+{b) = 0. If p' - t* < fe < p' - 1 
then U+ (6) = U(b) and U-(b) = %. Thus, if 1 < 6 < and c = fe - 1, or p' - t* < fe < p' - 1 and 
c = fe + 1 then the second summation in 11.431 is zero, thus yielding il.37i . 
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Let u e U{b) and let X = X{b,u). li X = {tj, Cj, Aj}^^]^, we now define runs 
X+ = {r„a+,A,}^li and X++ = {t„ a++ , A,}-^^,, by setting a++ = <j+ = a, 
for 1 < j < d, and setting crj"^ ~ Uj + 2 and crj" = 0-^ + 1. Using (|1.21|) . we then 
define M+ = and M++ = 

We now define the fermionic-like terms F{u'" ,u, L) which appear in (|1.43() in 
terms of F{u^ ,u^, L') given by (|1.4()(l . with being set to either of u, m+ or 
In these three cases, the X^ that appears in H1.4()(l should be set to X, X~^ 
and X'^'^ respectively, and X^ — X{a,u'"). 
Set A = Ad and set: 

Td if d > 1; 
tn if d = 1 and (Ti < tn', 
t if d = 1 and cti >tn- 



(1.44) 7 
Then if p' > 2p, define: 



(1.45) F{u^,u,L) = < 



and if p' < 2p, define: 



-i(L-A(a-6)) 



,-i(L-A(a-6)) 



if a-d 

{F{u^,u+,L + 1) - F{u^ 



u 



= 0; 



if < cr<j < T - 1; 
{F{u^,u, L) + [q^ - l)F{u^, u+ , L - 1)) 
if < (Td = T - 1, 



(1.46) F{u^,u,L) 



Fiu^, 



if a-d 



1; 



0; 

i+,L + 1) - (j^(^+2+^(''-^))F(m^, L) 

if < (Td < T 

,i(L-A(a-6))^(-^L^ M, L) + (1 - q^)F{u^,U+, L - 1) 

if < (Td = r - 1. 

(c.f. O Eqs. (3.35) and (12.9)].) Note that the right side of iH"!^ depends on the 
value of c whereas, as will become clear later in this paper, the right side of (|1.37() 
is independent of the value of c. 

The exceptional case of {p,p') = (1, 2) is dealt with by: 

(1.47) 



where (5ij is the Kronecker delta. This expression l|1.47(l is sometimes required 
when iterating H1.37|l and Ij 1.43(1 . 

Equating expressions ((1.37|l and 1(1.43(1 with the corresponding instances of 1(1.9(1 . 
yields polynomial identities. These may be viewed as finitizations of the g-series 
identities for the characters Xr'f obtained by equating 1(1.16(1 with p. 2(1 . because 
these latter identities result on taking the L — > oo limit of the above polynomial 
identities. In the case of b satisfying p. 36(1 . the polynomial identities are of genuine 
bosonic-fermionic type because all terms in ((1.37(1 are manifestly positive. This 
is not the case for those identities obtained by equating 1(1.43(1 with 1(1.9(1 when b 
does not satisfy 1(1.36(1 . because the fermionic side consists of linear combinations of 
fundamental fermionic forms, not positive sums. Nonetheless, in the L —>■ oo limit, 
genuine bosonic-fermionic g-series identities result. 
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2. Path combinatorics 

2.1. Outline of proof. In this and the foUowing sections, we prove the fermionic 
expressions stated in Section ^ This proof makes use of the path picture for 
the (finitized) Virasoro characters X^'bcl-^) combinatorial in the sense that 

we obtain relationships between different X^^X d-^) fact, similar generating 

functions) by manipulating the paths. By means of these relationships, we are able 
to express X^aX ci-^) ™ terms of 'simpler' such generating functions. Iterating this 
process eventually leads to a trivial generating function and thence to a fermionic 
expression for X^aXc^L). Taking the L — > oo limit then yields fermionic expressions 

for Xr'f • The techniques that we use refine and extend those that were developed 
in |21ll24ll^ . The account given here is self-contained. 

In Section 12.21 we endow the path picture of Section 11.11 with further structure 
by shading certain regions. This shaded path picture is referred to as the (j),p')- 
model. The weighting function that we then define for the paths h G 'PatcW^ 
although apparently unrelated to that of Forrester and Baxter turns out to 
be a renormalisation thereof describes how it arises via a bijection between 
the Forrester-Baxter paths and the partitions with hook-difference constraints that 
appear in Through this weighting function, each vertex of the path h (the ith 
vertex is the shape of the path at {i,hi)) is naturally designated as either scoring or 
non-scoring, with the latter contributing to wt{h). We actually proceed using a 
slightly different set of paths V^'^ ^ j [L) which have assigned pre- and post-segments 
specified by e, / G {0, 1}. For these paths, we use a weighting function wt{h) that 
differs subtly from that defined before. This permits a greater range of consistent 
combinatorial manipulations. Thus, we carry out the bulk of our analysis under 
this weighting function, only reverting to the original weighting wt{h) to obtain 
fermionic expressions for Xa'bd^) letter in the paper. 

After further refining the set of paths to "P^'j g j:{L,m), each element of which 
contains exactly m non-scoring vertices, we proceed in Sections 13 and ^ to define 
transforms that map paths between different models. The i3-transform of Section 
|31 shows how for specific a', 6', the elements of V^^i^^^ j{L' ,L) may be obtained 

combinatorially from those of 'P^'^gy(L,m) for various m. This transform was 
inspired by ^JQ]. It has three stages. The first stage is known as the Si-transform 
and enlarges the features of a path, so that the resultant path resides in a larger 
model. The second stage, referred to as a i32(^)-transform, lengthens a path by 
appending k pairs of segments to the path. Each of these pairs is known as a 
particle. The third stage, the ;B3(A)-transform deforms the path in a particular 
way. This process may be viewed as the particles moving through the path. 
The P-transform of Section 21 notes that the elements of 'Pa bif^ i-fi^) 

be obtained from those of 'P^'f e fi-^) ™ ^ combinatorially trivial way. In fact, it 
is more convenient to use the 2?-transform combined with the Z?-transform. The 
combined ;BP-transform is discussed in Section ^21 

Up to this point, the development deviates only marginally from that of |25j . 
However here, we require something more general than the transformations of gen- 
erating functions that were specified in Corollaries 3.14 and 4.6 of This 
is achieved in Section El where first, for vectors /x, v, fi* and ly* , we define 
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^a'b e /(^' { } subset of "P^'^g ^(i, to) whose elements attain cer- 

tain heights specified by /x, i/, /x* and i/*, in a certain order. The bijections that 
the B- and I?-transforms yield between different such sets are specified in Lem- 
mas and The relationships between the corresponding generating functions 

Xa'b e /(^' I ^I'e given in Corollaries 15.81 and 15.101 

In Section|Sl we consider extending or truncating the paths on either the right or 
the left. This yields further relationships between different Xa'be/(^''^) l^'-!^* } 
These relationships are given in Lemmas 16.21 15.41 16.61 and 16.81 

We bring together all these results in Section [7| In Theorem 17.11 we state that 
^a'b e / ('^) I -u* } equal (possibly up to a factor) to the fundamental fermionic 
form F{u^,u^,L) where and are certain vectors that are related to /x, v, 
fi* and i^* . Sections 17.11 17.21 and 17.31 are dedicated to its proof. The centrepiece 
of the proof is Lemma 17.31 The proof of this lemma is quite long and intricate, 
requiring an induction argument to show many things simultaneously. 

In Section 17.41 this result is transferred back to a similar one concerning the 
original weighting function. Thereby, in Theorem l7.16l we find F{u'",u^,L) to be 
the generating function for a subset of Va'^d-^) ^^^^ attains certain heights and 
does so in a certain order. However, the value of c here sometimes depends on u^. 
The purpose of Section 17.51 is to obtain the generating function for precisely the 
same set of paths, but with the value of c switched. This generating function turns 
out to be the fermion-like term F{u^ , u^, L). 

Section 17!^ describes the mn-system which aids the evaluation of F{u'",u^,L) 
OT F{u^,u^,L). 

As indicated above, the fermionic forms F{u^, u^, L) and F{u^,u^, L) are the 
generating functions for certain subsets of V^'f^iL). In Section |H1 we sum these 
fermionic forms over all G U{a) and G l^{b), where U{a) and U{b) are 
obtained from the Takahashi trees for a and b respectively as described in Section 
11.71 As shown in Theorems 18 . 1 01 and 18.121 for many cases, this gives the required 
^a'b c(^)- However, in the other cases, some paths are not accounted for. Theorems 
18.101 and 18.121 show that these uncounted paths may be viewed as elements of 
■p^'? (L) for certain values p,f)'a,b,c. Thus y^'? (L) sometimes appears in the 

a,b,c^ ' J 7-1 7 J 7 '^a.b.c^ ' 

fermionic expression for Xa'bc(^)' ^^"^ ™ ^^^^ w^'Yi the fermionic expressions that 
we give are recursive. Theorem 18.101 proves the expression (|1.37|l . and Theorem 
18. 121 proves the expression H1.43|l . 

In Section |51 we use the fermionic expressions for Xa'bc(-^) obtain fermionic 
expressions for all characters x^'f . In the first instance, in Section f9.1l we set a = s, 
and choose b and c such that (|1.10|l is satisfied. Taking the L ^ oo limit of the 

expressions for Xa'b c(^) then yields fermionic expressions for Xr's ■ These resulting 
expressions, stated in Theorems 19 . 31 and 19.61 still make use of the Takahashi trees 
for a and b. However, in each of the two cases, certain subsets of U{b) must be 
omitted: they correspond to terms of Xa'bd-^) that are zero in the L —> oo limit, 
and yet their inclusion would yield an incorrect expression for Xr'^ ■ 

This undesirable feature of the expressions for Xr'f j '^ell as the inconveniences 
of finding suitable b and c, and considering two separate cases, is ameliorated in 
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Section Here it is shown that the required subset of U{b) is (apart from in- 
consequential differences) equal to the set l{{r) that is obtained from the truncated 
Takahashi tree for r which is described in Section ll. 81 The final result, Theorem 
I9.1t)l proves the fermionic expression H1.16|l stated in Section IT"^ for an arbitrary 
character Xr',s ■ 

We discuss our results in Section [HH 

2.2. The band structure. Consider again the path picture introduced in Section 
11.11 The regions of the picture between adjacent heights will be known as bands. 
There are p' — 2 of these. The hth band is that between heights h and h + 1. 

We now assign a parity to each band: the hth band is said to be an even band 
if [hp/p'\ = lih + l)p/p'\; and an odd band if [hp/p'\ ^ [{h + l)p/p'\. The array 
of odd and even bands so obtained will be referred to as the {p,p')-mode\. It may 
immediately be deduced that the (p,p')-model has p' — p — 1 even bands and p — I 
odd bands. In addition, it is easily shown that for 1 < r < p, the band lying 
between heights [rp'/p\ and [rp'/p\ + 1 is odd: it will be referred to as the rth odd 
band. 

When drawing the (p,p')-model, we distinguish the bands by shading the odd 
bands. For example, we obtain Fig. 0] when we impose the shading for the (3,8)- 
model on the path picture of Fig. ^ 



6 
5 
4 
3 
2 
1 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

Figure 4. Typical path with shaded bands. 

We note that the band structure is up-down symmetrical. Furthermore, if p' > 2p 
then both the 1st and {p' — 2)th bands are even, and there are no two adjacent odd 
bands. 

Note 2.1. It will be useful to consider there being a band (the 0th) below the bottom 
edge of the (p,p')-model, and a band (the {p' — \)th) above the top edge of the {p,p')- 
model. If p' > 2p these two bands are both designated as even, and if p' < 2p they 
are both designated as odd. Thus they have the same parity as both the 1st and 
(p' — 2)th bands. 

For 2 < a < p' — 2, we say that a is interfacial if [(a+ l)p/p'J = [{a — l)p/p'\+l. 
In addition, and p' are defined to be always interfacial, and 1 and p' — 1 are defined 
to be always non-interfacial. Thus, for 1 < a < p' — 1, a is interfacial if and only 
if a lies between an odd and even band in the (p,p')-model. Thus for the case of 
the (3, 8)-model depicted in Fig. 0] a is interfacial for a = 0,2, 3, 5, 6, 8. We define 
pP'P (a) — [{a + l)p/p'\ so that if a is interfacial with 1 < a < p' then the odd band 
that it borders is the pP^P\a)ih odd band. Note that pP^P' {0) = and pP'P\p') = p. 
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It is easily seen that the [p' — p,p')-niodel differs from the (p,p')-niodel in that 
each band has changed parity. It foUows that if < a < p' and a is interfacial in 
the (p,p')-model then a is also interfacial in the [p' — p,p')-model. 

For 2 < a < p' — 2, we say that a is multifacial if [(a+l)p/p'J — [(a — l)p/p'J +2. 
In addition, 1 and p' — 1 are defined to be multifacial if and only if p' < 2p. Then 
a is multifacial if and only if a lies between two odd bands. Since there are no two 
adjacent odd bands when p' > 2p, multifacial a may only occur if p' < 2p. 

Some basic results relating to the above notions are derived in Appendix lUl 

2.3. Weighting function. Given a path h of length L, for 1 < i < L, the values of 
hi and /li+i determine the shape of the ith vertex. The four possible shapes 
are given in Fig. El 




i—l i i+l i—l i i+1 i—1 i i+1 i—1 i t+l 



Figure 5. Vertex shapes. 



The four types of vertices shown in Fig. [S] are referred to as a straight-up vertex, a 
straight-down vertex, a peak-up vertex and a peak-down vertex respectively. Each 
vertex is also assigned a parity: the parity of the zth vertex is defined to be the 
parity of the band that lies between heights hi and /li+i. 

For paths h E 'P^'hcW, we define ft-L+i = c, whereupon the shape and parity of 
the vertex at i = L is defined as above. This also applies if we extend the definition 
of V^f ^{L) to encompass the cases c — and c = p' . 

The weight function for the paths is best specified in terms of a {x, y)-coordinate 
system which is inclined at 45° to the original (i, ft,)-coordinate system and whose 
origin is at the path's initial point at {i — 0,h = a). Specifically, 

i — (h — a) i + (h — a) 



Note that at each step in the path, either a; or y is incremented and the other is 
constant. In this system, the path depicted in Fig. ^ has its first few vertices at 
(0,1), (0,2), (0,3), (1,3), (1,4), (1,5), (1,6), (2,6), ... 

Now, for 1 < i < L, we define the weight q = c(/ii_i, hi, /li+i) of the zth vertex 
according to its shape, its parity and its (a:, y)-coordinate, as specified in Tabled 
In Tabled the lightly shaded bands can be either even or odd bands (including the 
0th or {p' ~ l)th bands as specified in Note l2.l|l . Note that for each vertex shape, 
only one parity case contributes non-zero weight in general. We shall refer to those 
four vertices, with assigned parity, for which in general, the weight is non-zero, as 
scoring vertices. The other four vertices will be termed non-scoring. 

We now define: 



(2.1) 



L 

Wt{h) — C,;. 

i=l 
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Vertex 



m 




Vertex 



Table 1. Vertex weights. 



To illustrate this procedure, consider again the path h G 4 3(14) depicted in 
Fig. 01 With /ii5 = c = 3, Table n indicates that there are scoring vertices at i = 3, 
4, 5, 7, 8, 13 and 14. This leads to: 

wt{h) = + 3 + 1 + 1 + 6 + 7 + 6 = 24. 
The generating function Xa't c(^) ^hc set of paths V^'J^ ^{L) is defined to be: 



(2.2) 



wt(h) 



Often, we drop the base q from the notation so that Xa6c(^) ~ ^a1)c(^'9)- "^^^ 
same will be done for other functions without comment. 

The expression H1.47II for x}'^ o(^) ^n.^ x}'^ 2(-^) is immediately obtained from 

Appendix A proves the bosonic expression for x^'fj JyL) given in (|1.9|l . With the 
0th and {p' — l)th bands as specified in Note 12. ll this result extends to the cases 
c = and c = p' (when 6 = 1 and h — p' — 1 respectively), provided that we extend 
the definition (|1.10|l as follows: 

' \pc/p'\+{h-c+l)/2 ifl<c<p'; 

1 if c = and p' > 2p; 

(2.3) r = if c = and y < 2p; 

p — 1 \i c = p' and p' > 2p; 

p if c = p' and p' < 2p. 

2.4. Winged generating functions. For h £ 'Patci^)^ the description of the 
previous section, in effect, uses the values of b and c to specify a path post-segment 
that extends from (L,6) and (i + l,c). In this section, we define another set of 
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paths ^^'^g /(^) which the values of e and / serve to specify both a pre-segment 
and a post-segment. 

Let p and p' be positive coprime integers for which 1 < p < p' . Then, given 
a,b,L S Z>o such that 1 < a,b < p' — 1, L + a ~ b = (mod 2), and e, / e {0, 1}, 
a path h G T^at e f(-^) ^ sequence /ig, /ii, /i2, . . . , /il, of integers such that: 

(1) I < hi <p' -1 ior <i < L, 

(2) /li+i ^ hi ± I for <i < L, 

(3) /lo ^ a,hL = b. 

For /i e V^l(^jiL), we define e(/i) = e and f{h) = /. 

As with the elements of 'P^'^ci^)^ each h € T-'at e fi^) ^an be depicted on the 
(p,p')-model of length L, by connecting the points {i,hi) and {i + for 
< i < L. For these values of i, the shape and parity of the zth vertex is determined 
as in Section!^] In addition, / specifies the direction of a path post-segment which 
starts at (L, b) and is in the NE (resp. SE) direction if / = (resp. / = 1). Similarly, 
e specifies the direction of a path pre-segment which ends at (0, a) and is in the SE 
(resp. NE) direction if e = (resp. e = 1). The pre- and post-segments enable a 
shape and a parity to be assigned to both the zeroth and the ith vertices of h. If 
a path h is displayed without its pre- and post-segments, their directions may be 
inferred from e(/i) and f{h). 

We now define a weight wt{h), for h e 'Pa t e fi-^)- ^'^^ ^ ^ i < set Ci = 
c{hi^i,hi,hi^i) using Table^as in Section [2.31 Then, set 

{X if /li — /iL-i = 1 E^nd f{h) = 1; 

V iihL- hL-i = -I and f{h) = 0; 

otherwise, 

where {x,y) is the coordinate of the Lth vertex of h. We then designate this 
vertex as scoring if it is a peak vertex {h^ — — (~l)^^''^)j and as non-scoring 
otherwise. We define: 

L 

(2.5) wt{h)^^di. 

1=1 

Consider the corresponding path h' £ Pa t d-^) "^ifl^ c = b + {—1)^, defined by 
h[ = hi for < i < L. From Tabled we see that wt{h) — wt{h') if the post-segment 
of h lies in an even band. 

Define the generating function 

(2.6) ZS,ejiL;q)= E 1^'^'^^ 

where wt{h) is given by ^T^. Of course, X^alfiji^) = X^alsji^)- 

2.5. Striking sequence of a path. In this section, for each h G ^afe/(^)' 
define 7r(ft,), d{h), L{h), m{h), a{h) and (3{h). Define 7r(/i) e {0, 1} to be the parity 
of the band between heights ho and hi (if L{h) — 0, we set hi — ho + 
Thus, for the path h shown in Fig. 0] we have 7r(/i) = 1. Next, define d{h) = 
when hi — Hq = 1 and d{h) = 1 when hi — ho = —1. We then see that if 
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e{h) + d{h) + 7r(/i) = 0(mod2) then the 0th vertex is a scoring vertex, and if 
e{h) + d{h) + 7r(/i) = 1 (mod 2) then it is a non-scoring vertex. 

Now consider each path h G "P^'^ e /{^) ^ ^ sequence of straight hnes, alternating 
in direction between NE and SE. Then, reading from the left, let the lines be 
of lengths wi, W2, W'i, . . . ,wi, for some I, with Wi > for \ < i < I- Thence 
wi + W2 + ■ ■ ■ + wi = L{h), where L{h) = L is the length of h. 

For each of these lines, the last vertex will be considered to be part of the line 
but the first will not. Then, the ith of these lines contains Wi vertices, the first 

— 1 of which are straight vertices. Then write Wi — ai + hi so that hi is the 
number of scoring vertices in the ith line. The striking sequence of h is then the 
array: 

X {e{h)J{h),d{h)) 

ai 02 03 • • • ai \ 
hi h2 h^ ■■■ hi J 

With TT = Tr{h), e — e{h), f = f{h) and d = d{h), we define 



m{h) 



(e + d + tt) mod 2 + X;Li a* if L > 0; 



(e + /)mod2 ifL = 0, 

whence m[h) is the number of non-scoring vertices possessed by h (altogether, h has 
L{h) + 1 vertices). We also define a[h) = {—l)'^{{wi + wa + • • • ) — (w2 +Wi + ■ ■ ■)) 
and for L > 0, 

{-lY{{hi+b3 + ---)-{b2+bi + ---)) 

ife + d + 7r = (mod 2); 

(-l)'*((&i + 63 + •••)- (&2 + ^4 + •••)) + (-1)' 

otherwise. 



m = 



For L = 0, we set (5{h) = / — e. 

For example, for the path shown in Fig. 0]for which d{h) — and 7r(/i) = 1, the 
striking sequence is: 

2 1 1 1 2 0^ ^"'^'^'^ 



112 10 11, 
In this case, m{h) = 8 — e, a{h) — 2, and (3{h) — 2 — e. 

We note that given the startpoint h{) = a oi the path, the path can be recon- 
structed from its striking sequence^. In particular, = b — a + a{h). In addition, 
the nature of the final vertex may be deduced from ai and &, 



10 



Lemma 2.2. Let the path h have the striking sequence (^^^ ' j , with 

Wi — ai + hi for 1 < i < I. Then 

I 

Wt{h) ^ ^ bi{Wi-i + -\ 1- Wi+i mod 2)- 

i=l 

Proof: For L — 0, both sides are clearly 0. So assume i > 0. First consider d = 0. 
For i odd, the ith line is in the NE direction and its x-coordinate is W2 + W4 + ■ • • + 
Wi-i. By the prescription of the previous section, and the definition of hi, this line 
thus contributes bi{w2 -I- W4 -I- ■ • • -I- Wi-i) to the weight wt{h) of h. Similarly, for i 



^We only need wi, W2, together with d. 



^'^Thus the value of / in the striking sequence is redundant — we retain it for convenience. 
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even, the ith hne is in the SE direction and contributes bi{wi +W3 + - — \-Wi 
wt{h). The lemma then follows for = 0. The case = 1 is similar. 



-i) to 
□ 



2.6. Path parameters. We make the following definitions: 



a,b 



= b 



Pa,b,eJ 



"a.e 



op 

if 

if 



+ /-e; 

(a+(-l)-)p I op I . 



(a+(-lY)p 



(The superscripts of a^'J^ arc superfluous, of course.) It may be seen that the value 
of 5P'P gives the parity of the band in which the path pre-segment resides. 

Lemma 2.3. Let h G V^[^j{L). Then a{h) = al% and l3{h) = 

Proof: That a{h) = q^'^ follows immediately from the definitions. 

The second result is proved by induction on L. If ft. S ^a'^e /(*-*) then a = b, 
whence (}aS,e f ~ ^ ~ ^ ^ PW, immediately from the definitions. 

For i > 0, let ft e V^fefi^) assume that the result holds for all ft' G 
f' e f'i^ ~ consider a particular ft' by setting ft • = ft, for < t < L, 

b' = Hl-i and choosing /' G {0, 1} so that /' = if cither b — b' = 1 and the Lth 
segment of ft lies in an even band, or 6 — 6' = —1 and the Lth segment of ft lies in 
an odd band; and /' = 1 otherwise. It may easily be checked that the (L — l)th 
vertex of ft' is scoring if and only if the {L — l)th vertex of ft is scoring. Then, from 
the definition of (3{h), we see that: 

r /3(ft') + 1 if 6 - 6' = 1 and / = 1; 
p{h) = i /3(ft') - 1 if 6 - 6' = -1 and / = 0; 
/3(ft') otherwise. 

The induction hypothesis gives f3{h') — [b'p/p'\ — [ap/p'\ + /' — e. Then when the 
Lth segment of ft lies in an even band so that [bp/p'j = [b'p/p'\ , consideration of the 
four cases of 6 — 6' = ±1 and / e {0, 1} shows that /3(ft) = [bp/p'\ — [ap/p'\ +/ — e. 
When the Lth segment of ft lies in an odd band so that [bp/p'\ = [b'p/p'\ +b — b', 
consideration of the four cases of 6 — 6' = ±1 and / G {0, 1} again shows that 
(3{h) = [bp/p'j — [ap/p'j + f — e. The result follows by induction. □ 



2.7. Scoring generating functions. We now define a generating function for 
paths that have a particular number of non-scoring vertices. First define the subset 
fee of T^a be / (^) to Comprise those paths ft for which m(ft) = to. Then 

define: 

(2.7) 



Xa;6,e,/(^>"i; q) = 



(L,m) 



wt(h) 
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Lemma 2.4. Let f3 = j. Then 

m=L+p 
(mod 2) 

Proof: Let h G Pa,b'.e.fW- We claim that m{h) + L{h) + (3{h) = (mod 2). This 
wiU foUow from showing that L{h) - m{h) + is even. If h has striking; 

sequence (^^ ^ ^ Z H)^'''^'^ , then L{h) - m{h) = (bi + b2 + ■ ■ ■ + k) - {e + 
d + tt) mod 2, where tt — Tr{h). For e + + tt = (mod 2), we immediately obtain 
L{h) -m{h) + [-lYl3{h) = 2(6i +63 + .. .)• For e + d + tt ^ (mod 2), we obtain 
L(/i) - to(/i) + (-l)''/3(/i) = 2(fei + 63 + ...)- 1 + (-l)'*+^ whence the claim is 
proved in all cases. The lemma then follows, once it is noted, via Lemma 12.31 that 

m = □ 



Note 2.5. Since each element 0/ "P^'j ^ ^(i, rn) has L + 1 vertices, it follows that 

Xa'b e /(^' "'^) non-zero only if < m < L + 1. Therefore the sum in Lemma \^^ 
may be further restricted toO<m<L-\rl. 

Later, we shall define generating functions for certain subsets of V^^\ ^ j{L, to). 

2.8. A seed. The following result provides a seed on which the results of later 
sections will act. 

Lemma 2.6. If L > is even then: 
If L > is odd then: 

1>3 fT \ 1.3 /T \ r l(L^-l) 

Proof: The (l,3)-model comprises one even band. Thus when L is even, there is 
precisely one h £ Vi \ q q{L). It has hi = 1 for i even, and hi = 2 for i odd. We 

see that h has striking sequence (1 J ^ ■■■ °)^°'''''^'' and m{h) — 0. Lemma then 

yields wt{h) = + 1 + 1 + 2 + 2 + 3 + {^L - 1) + ^ {L/2f, as required. 

The other expressions follow in a similar way. □ 



Afc) is a sequence of k integer parts 
> 0. For i > k, define A, = 0. The 



2.9. Partitions. A partition A ~ (Ai, A2, . . . 
Ai, A2, . . . , Afe, satisfying Ai > A2 > • • • > Afc 
weight wt (A) of A is given by wt (A) = X^iLi ^i- 

We define y{k, m) to be the set of all partitions A with at most k parts, and for 
which Ai < TO. A proof of the following well known result may be found in 



Lemma 2.7. The generating function, 



,wt(A) _ 



m + k 

TO 



We also require the following easily proved result. 
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Lemma 2.8. 



m + k 
m 



-mk 



m + k 
m 
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3. The Z5-transform 
In this section, we introduce the f^-transform which maps paths V^'f^ j{L) into 

^a'^6'~'cf/(-^') '^'-"^ certain a', b' and various L' . 

The band structure of the (p, p' + p)-model is easily obtained from that of the 
(p,p')-modeL Indeed, according to Section for 1 < r < p, the rth odd band of 
the {PtP' + p)-model hes between heights \r{p' +p)/pj = \tp' /p\ + and \t{jp' + 
P)/p\ + 1 = \jv' /p\ + T + 1. Thus the height of the rth odd band in the (p,p' + 
p)-model is r greater than that in the (p,p')-modeL Therefore, the (p,p' + p)- 
model may be obtained from the (p,p')-model by increasing the distance between 
neighbouring odd bands by one unit and appending an extra even band to both the 
top and the bottom of the grid. For example, compare the (3, 8)-model of Fig. 0] 
with the (3, ll)-model of Fig.El 

The yB-transform has three components, which will be termed path- dilation^ 
particle-insertion, and particle-motion. These three components will also be known 
as the yBi", B2- and Ss-transforms respectively. In fact, particle-insertion is depen- 
dent on a parameter k £ Z>o, and particle- motion is dependent on a partition A 
that has certain restrictions. Consequently, we sometimes refer to particle-insertion 
and particle- motion as B2{k)- and ;B3(A)-transforms respectively. Then, combining 
the Bi-, B2{k)- and ;B3(A)-transforms produces the B{k, A)-transform. 

3.1. Path-dilation: the Si-transform. The Si-transform acts on a path h G 
'PaAeji^) to yield a path /i(o) e K'^^lfi^^^^)^ certain a', b' and L^"\ First, 
the starting point a' of the new path is specified to be: 



(3.1) 



ap 

7. 



If r = L^P/p'J then r is the number of odd bands below h = a in the (p,p')-model. 
Since the height of the rth odd band in the {p,p' -\-p)-mode\ is r greater than that in 
the (p,p')-model, we thus see that under path-dilation, the height of the startpoint 
above the next lowermost odd band (or if there isn't one, the bottom of the grid) 
has either increased by one or remained constant. 

We define d{h'-^'>) = d{h). The above definition specifies that e{h^^'') = e{h) and 
/(/iW) = f{h). 

In the case that L = and e = /, we specify by setting = L(/i(°)) = 0. 
When L = and e 7^ /, we leave the action of the Si-transform on h undefined 
(it wiU not be used in this case). Thus in Lemmas O EHl EEl E3 ESI EZl \EM 
and Corollary 1^21 we implicitly exclude consideration of the case L — and e 7^ /. 
However, it must be considered in the proofs of Corollaries 15 . 81 and 15.101 

In the case L > consider, as in Section 12.51 h to comprise I straight lines 
that alternate in direction, the ith of which is of length Wi and possesses bi scoring 
vertices, h^^^ is then defined to comprise / straight lines that alternate in direction 
(since d{h^^^) = d{h), the direction of the first line in /i^^^ is the same as that in h), 
the ith of which has length 

Wi -{-bi if i > 2 or e{h) -\- d{h) + Tr{h) = (mod 2); 

wi+bi+ 2TT{h) - 1 if i = 1 and e(/i) -f d{h) + 7r(/i) ^ (mod 2). 

In particular, this determines L^'^-' — L{h^'^^) and b' — h^^^oy 
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Figure 6. Result of f^i-transform when e = and / = 1. 




Figure 7. Result of i?i-transforni when e = 1 and f — 1. 



The situation at the startpoint may be considered as falling into one of eight 
cases, corresponding to e(h), d{h), 7r{h) £ {0, 1}.^^ In Table|21 we illustrate the four 
cases that arise when d(h) = (the four cases for d(h) = 1 may be obtained from 
these by an up-down reflection and changing the value of e{h))}'^ From Table[5]we 
see that the pre-segment of h^^^ always lies in an even band. This also follows from 
Lemma IC.ll 

Note 3.1. The action of path- dilation on h ^ '^abefi^) V^dds a path h^^^ £ 
T^fy^^ ^{L'^^^) that has, including the vertex at i = 0, no adjacent scoring vertices, 
except in the case where ■n{K) = 1 and e(/i) = d{K), when a single pair of scoring 
vertices occurs in ft,*^"^ at i = and i = 1. 

^^These cases may be seen to correspond to the eight cases of vertex type as hsted in Table [Tl 
^^The examples here are such that wi > 3 and ci > 3 
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e{h}=0; 
7r(/i)=0: 



e(/i) = l: 
7r(/i)=0: 



e{h}=0- 
7r{h) = l: 



e{h) = l; 
7r(/i) = l: 



Table 2. ;Bi-transforms at the startpoint. 



Also note that 7r(/i*^°)) = 7r(/i) unless 7r(/i) — 1 and e{h) — d{h), in which case 
^(/iW) =0. 

Now compare the ith hne of ft,'^"^ (which has length w'^) with the ith hne of h 
(which has length Wi). If the lines in question are in the NE direction, we claim 
that the height of the final vertex of that in ft.^"^ above the next lowermost odd 
band (or if there isn't one, the bottom of the model at a = 1) is one greater than 
that in h. 

If the lines in question are in the SE direction, we claim that the height of the 
final vertex of that in h^^^^ below the next highermost odd band (or if there isn't 
one, the top of the model) is one greater than that in h. In particular, if either 
the first or last segment of the ith line is in an odd band, then the corresponding 
segment of ft.'"' lies in the same odd band. 

We also claim that if that of h has a straight vertex that passes into the fcth odd 
band in the (p,p')-model then that of ft'"' has a straight vertex that passes into the 
fcth odd band in the {p,p' +p)-model. 

Comparing Figs. El and [3 with Fig. 0] demonstrates these claims. 

These claims follow because in passing from the (p,p')-model to the (p,p' 
model, the distance between neighbouring odd bands has increased by one, and 
because the length of each line has increased by one for every scoring vertex with 
a small adjustment made to the length of the first line in certain cases. In effect, 
a new straight vertex has been inserted immediately prior to each scoring vertex 
and, if e(ft) + d{h) + ii{h) ^ (mod 2), adjusting the length of the resulting first 
line by 27r(ft) - 1. 

Lemma 3.2. Let ft G 'Pa't e fi-^) have striking sequence ( '" , 

and let ft'"' G 'Pa'i^bi^e fi-^^^'^) obtained from the action of the Bi-transform on ft. 
Let TT = 7r(ft). //e + (i + 7r = {modi) then ft'"' has striking sequence: 

ai+hi 02 + 62 03 + 63 • • • a; + 6/ ^ {<^JA 
bi 62 63 • • • bi 

and i/e + d + TT^O {modi) then ft'"' has striking sequence: 

fli + 61 + TT - 1 02+62 03 + 63 • • • ai + bi 
61 + TT 62 63 • • • bi 

Moreover, if m — m{h): 



{e.f,d) 
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if IT ^ I and e — d, 
otherwise; 



Proof: The form of the striking sequence for h^°^ follows because, for i > 1, every 
scoring vertex in the ith line of h accounts for an extra non-scoring vertex in that 
line. The same is true when i — 1, except in the case {e(h) + d{h) + ^{h)) = 1 
(throughout this proof, we take all equivalences, modulo 2) when the length of the 
new 1st line becomes ai + 2hi + 27r — 1. That there are 5i + tt scoring vertices in 
this case, follows from examining Table El 

Let tt' = 7r(/i(o)). By definition, e(/i(")) = e and = d. 

If (e + d + tt) EE then (e + d + tt') ee by Note O Thereupon m(°) = 
+ = L. Additionally, L(o) = Y.\=M + 26.) - 2L - Y.\=^ a, = 2L - m. 
That = (3{h) and = + /3(ft.) both follow immediately in this 

case. 

On the other hand, if (e + d + tt) ^ then it — Q e ^ d and tt = 

1 =4' e — d. In each instance, Note 13.11 implies that tt' = 0. Thereupon, 
m(°) = (e + d + 7r')mod2 + 7r-l + ELi(a» + ^0 = ELi(«i + ^0 = ^- Additionally, 
L(o) = 27r-l + X;-=i(ai + 2^i) = 2L- (l + X^Li a0 + 27r 2L-m + 27r. This is the 
required value. Now in this case, I3{h) = [-lY[[bi+b3+- ■ ■)-[b2+bi+- ■ + . 
When TT = so that (e + d+Tr') = 1 then (3{h^-^^) — (3{h) follows immediately. When 
^= 1, wehave/3(/i(o)) = (-l)'^((6i + 1 + 63 + •■•)- (^2 +64 + ••■ ))• f3{h^°'^) = f3{h) 
now follows in this case because (e + d + ir) ^ implies that e = c?. Finally, 
a(/i(o)) = a{h) + (-l)'^((6i + 63 + •••)- (^2 + 64 + •••)) + (-l)'^(27r - 1). Since 
(-l)'^(27r - 1) = -(-1)''(-1)'' = (-l)^ the lemma then follows. □ 

Corollary 3.3. Let h e P^XejiL) and h^°'> e V^J^i^Xf^^^^^^ P'^^^ obtained 

by the action of the Bi-transform on h. Then a' = a + [ap/p'\ + e and b' = 
b+ [bp/p'\+f. 

Proof: a' — a+ [ap/p'\ +e is by definition. Lemma gives a{h^^'>) = a{h)+ P{h), 
whence Lemma 12.31 implies that a^fi,^^ — a^'^ + ^ ^ . Expanding this gives 
6' - a' = 6 - a + [bp/p'\ ~ [ap/p'\ +f - e, whence b' =' b + [bp/p'\ + /. □ 

The above result implies that the Si-transform maps "P^'^ g f{L) into a set of paths 
whose startpoints are equal and whose endpoints are equal. However, the lengths 
of these paths are not necessarily equal. We also see that the transformation of the 
endpoint is analogous to that which occurs at the startpoint. In particular. Lemma 
IC.ll implies that (5^/^^^ = so that the path post-segment of /i^^^ always resides 
in an even band. For the four cases where = — 1, the Si-transform affects 
the endpoint as in Table 01 (the value 7r'(/i) is the parity of the band in which the 
Lth segment of h lies). 

Lemma 3.4. Let 1 < p < p' , I < a,b < p' , e, f <E {0, 1}, a' = a + \ap/p'\ + e, and 
b' = b+ [bp/p'] + /. Then a%t^ = <f + Pl^^j and 0^^^^ = 



I 2L-m 
a(/i(o)) = a(/i)-f ^(/i); 
/3(/i(«)) = m). 
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7r'(/i) = l: ■ ^ 



fih)=l; 
TT'(h)=0: 



fih)=l; 
7r'(/i) = l: 



i i \ " WmmKK^ 



Table 3. Bi-transforms at the endpoint. 



Proof: Lemma RTTl implies that [a'p/{p'+p)\ = [ap/p'\, [b'p/{p' + p)\ = [bp/p'\. 
The results then follow immediately from the definitions. □ 



Lemma 3.5. Let h e V^f^ ^{L) and h^"^ e V^f^^:^^^ ^(L'-°'>) be the path obtained by 
the action of the Bi-transform on h. Then 

wt{h^"^) = wt{h) + i - mW)2 - /32) , 

where to*^"-' = m{h^^'>) and P = P^'^^f- 

Proof: Let h have striking sequence ( °^ °' j , and let tt = Tr{h). If 

{e + d + tt) = (mod 2), then Lemmas 13 . 21 and 12 . 21 show that 

wt{h^"'>) ^ wt{h) (6i + 63 + 65 + ■ • • )(fe2 + 64 + &6 + • ■ ■ )• 

Via Lemma we obtain L^"^ — m^"^ = L — m{h) = bi+b2 + ■ ■ ■ + bi. Then since 
13(h) = ±((61 + 63 + 65 + •••)- (&2 + ^4 + fee + ■••))) it follows that 

If (e + (i+ tt) ^0 (mod 2), then Lemmas 13 . 21 and 12.21 show that 

wt{h^°'^) - wt{h) = (27r - 1 + 61 + 63 + fos + • • • )(fe2 + 64 + 66 + ■ • • ) 

= l((i(0)_^(0))2_^(/^)2)^ 

the second equality resulting because L'^^^ — rrS^^ = L — m(/i) + 27r = 61 + 62 + • • • + 
bi + 2tt — \ and 

/3(/i) - (-l)''((6i + &3 + 65 + •■•)- (62 + 64 + fee + ■■•)) + (-1)' 
= ±((27r - 1 + fei + 63 + fe5 + ■ • • ) - (fe2 + fe4 + fee + • • • )): 

on using (-1)'^+'' = -(-1)'' = 27r - 1. 

Finally, Lemma lO gives (5{h) = Pl'^^^j = f3. □ 
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3.2. Particle insertion: the S2-transform. Let p' > 2p so that the {p,p')-mode\ 
has no two neighbouring odd bands, and let a', e be such that S^f^ = 0. Then if 
f^(Q) g 7'^;P,^_^.(L(o)), the pre-segment of hes in an even band. By inserting a 

particle into h'--^\ we mean displacing h'-^^^ two positions to the right and inserting 
two segments: the leftmost of these is in the NE (resp. SE) direction if e = 
(resp. e = 1), and the rightmost is in the opposite direction, which is thus the 
direction of the pre-segment of /i . In this way, we obtain a path /i'-^-' of length 
L(o) + 2. We assign e{h^^'>) = e and /(/i^^^) = /. Note also that d{h^^'>) = e and 
7r(/i(i)) = 0. 

Thereupon, we may repeat this process of particle insertion. After inserting k 
particles into h^°\ we obtain a path h^''^ £ 'Pa'i' .eji^^^'' + 2^)- We say that /i^*^) 
has been obtained by the action of a ,82(fc)-transform on h^^\ 

In the case of the element of V^'g ^ i(21) shown in Fig. [TJ the insertion of two 
particles produces the element of 'P^'q \ i(25) shown in Fig.|Hl 




1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 



Figure 8. Result of ;B2(fc)-transform. 



Lemma 3.6. Let h G "P^X e f^^)- -^PP^V ^ Bi-transform to h to obtain the path 
E Then obtain h^''^ G hy applying a B2{k)- 

transform to h'-"'^. If m'-''^ = m{h'^^'^), then L^'''^ = L(°) + 2k, m^'') = m(°) and 

wt{h^''^) ^ wt{h) + - mW)2 - 

where f3^ Pl'l^ j. 

Proof: That L^'"'-' = L^"' + 2k follows immediately from the definition of a B2{k)- 
transform. Lemma f3 . 51 yields : 

(3.2) wt{h^°^) = wt{h) + i - m(/iW))2 - /32) . 

/ s (e,/,d) 

Let the striking sequence of h^°^ be ( ^ ^ '[[ j , and let tt = 7r(/i(°)). 

If e = d, we are restricted to the case tt = 0, since S^f^^^ = by Lemma fC. II 
The striking sequence of is then (^^H H [':. l',)'^^'^''^^ ■ Thereupon to(/i(i)) = 
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^'^-^ a; = m(/i*^"^). In this case, Lemma 12.21 shows that wt{h''^'') — wt{h'-^'>) = 
l + bi+b2 + --- + bi= L(o) - m(0) + 1. 

If e ^ d, the striking sequence of h^^^ is (^"^ t,' ) Then 

to(/i'^') = 1 — tt + which equals m(/i*^°)) = (e + d + tt) mod 2 + '^i 

for both TT = and tt = 1. Here, Lemma [2.21 shows that wtlh'-^^) — wt{h^^^) = 

TT + &i + 62 H H Since L(°) - m(°) = -(e + d + tt) mod 2 + &i + 62 H 1- ^^i, 

we once more have wt{h'^^^) — wt{h'-^^) = — m'"^ + 1. 

Repeated apphcation of these results, yields m{h^'''>) — m{h^^'') and 

Then, on using (123 and i^^') = L(°) + 2fc, the lemma follows. □ 

3.3. Particle moves. In this section, we once more restrict to the case p' > 2p so 
that the (p,p')-model has no two neighbouring odd bands, and consider only paths 

h e Va\i,,^eji^') for which either d{h) = e or Tr{h) = 0. 

We specify four types of local deformations of a path. These deformations will 
be known as particle moves. In each of the four particular sequence of 

contiguous segments of a path is changed to a different sequence, the remainder of 
the path being unchanged. The moves are as follows — the path portion to the left 
of the arrow is changed to that on the right: 




Move 2. 



Move 3. 

— 

Move 4. 

Since p' > 2p, each odd band is straddled by a pair of even bands. Thus, there 
is no impediment to enacting moves 2 and 4 for paths in V^ff^, ^ f{L)- Note that 
moves 1 and 2 are reflections of moves 3 and 4. 

In addition to the four moves described above, we permit certain additional 
deformations of a path close to its left and right extremities in certain circumstances. 
Each of these moves will be referred to as an edge-move. They, together with their 
validities, are as follows: 
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Edge- move 1: applies only if e = 1. 




Edge- move 2: applies only if e = 0. 




Edge- move 3: applies only if / = 0. 




Edge- move 4: applies only if / = 1. 



With the pre- and post-segments drawn, we see that these edge-moves may be 
considered as instances of moves 1 and 3 described beforehand. 

Lemma 3.7. Let the path h differ from the path h in that one change has been 
made according to one of the four moves described above, or to one of the four 
edge-moves described above (subject to their restrictions). Then 

wt{h) = wt{h) + 1. 

Additionally, L{h) — L{h) and m{h) — m{h). 

Proof: For each of the four moves and four edge-moves, take the {x, y)-coordinate 
of the leftmost point of the depicted portion of h to be (xo,?/o)- Now consider the 
contribution to the weight of the three vertices in question before and after the 
move (although the vertex immediately before those considered may change, its 
contribution doesn't). In each of the eight cases, the contribution is xq + ya + 1 
before the move and xq + yo + 2 afterwards. Thus wt{h) — wt{h) + 1. The other 
statements are immediate on inspecting all eight moves. □ 

Now observe that for each of the eight moves specified above, the sequence of path 
segments before the move consists of an adjacent pair of scoring vertices followed 
by a non-scoring vertex. The specified move replaces this combination with a non- 
scoring vertex followed by two scoring vertices. As anticipated above, the pair of 
adjacent scoring vertices is viewed as a particle. Thus each of the above eight moves 
describes a particle moving to the right by one step. 

When p' > 2p, so that there are no two adjacent odd bands in the (p,p')-model, 

and noting that S^^^j — 0, we see that each sequence comprising two scoring vertices 
followed by a non-scoring vertex is present amongst the eight configurations prior 
to a move, except for the case depicted in Fig. |^ and its up-down reflection. 
Only in these cases, where the 0th and 1st segments are scoring and the first two 
segments are in the same direction, do we not refer to the adjacent pair of scoring 
vertices as a particle. 
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Figure 9. Not a particle 



Also note that when p' > 2p and S^f^ = S^fj = 0, each sequence of a non-scoring 
vertex followed by two scoring vertices appears amongst the eight configurations 
that result from a move. In such cases, the move may thus be reversed. 

3.4. The ;B3-transform. Since in each of the moves described in Section lTSl a pair 
of scoring vertices shifts to the right by one step, we see that a succession of such 
moves is possible until the pair is followed by another scoring vertex. If this itself is 
followed by yet another scoring vertex, we forbid further movement. However, if it 
is followed by a non-scoring vertex, further movement is allowed after considering 
the latter two of the three consecutive scoring vertices to be the particle (instead 
of the first two). 

As above, let h^^'^ be a path resulting from a S2(A:)-transform acting on a path 
that itself is the image of a Si-transform. We now consider moving the k particles 
that have been inserted. 

Lemma 3.8. Let 5^fj — 0. There is a bijection between the set of paths obtained 
by moving the particles in h^^^ and y{k,m), where m = m{h^''^). This bijection is 
such that if X d y{k, m) is the bijective image of a particular h then 

wt{h) ^ wt{h^'''> )+wt{\). 

Additionally, L{h) = L{h'^^^) and m{h) ~ m{h^''^). 

Proof: Since each particle moves by traversing a non-scoring vertex, and there 
are m of these to the right of the rightmost particle in h'^''\ and there are no 
consecutive scoring vertices to its right, this particle can make Ai moves to the 
right, with < Ai < m. Similarly, the next rightmost particle can make A2 moves 
to the right with < A2 < Ai. Here, the upper restriction arises because the two 
scoring vertices would then be adjacent to those of the first particle. Continuing in 
this way, we obtain that all possible final positions of the particles are indexed by 
A = (Ai, A2, . . . , A/c) with m > Ai > A2 > • • • > Afc > 0, that is, by partitions of at 
most k parts with no part exceeding m. Moreover, since by Lemma 13.71 the weight 
increases by one for each move, the weight increase after the sequence of moves 
specified by a particular A is equal to wt (A) . The final statement also follows from 
Lemma 13.71 □ 

We say that a path obtained by moving the particles in ft,''^) according to the 
partition A has been obtained by the action of a S3(A)-transform. 

Having defined Bi, B2{k) for fc > and ,63 (A) for A a partition with at most 
k parts, we now define a ;B(fc, A)-transform as the composition B{k,X) = B^i^X) o 
B2{k)oBi. 
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Lemma 3.9. Let h' e 'Pa'^b'^e fi-^') obtained from h G T^a t e f(-^) action 
of the B{k, X)-transform. If n — 7r(/i) and m — mih) then: 



• L' ^ 



2i — m + 2fc + 2 if n = I and e — d, 
2L — m + 2k otherwise; 

• wt{h') = wt(h) + i {{L' - Lf - 13^) + wt (A), 
where (3 = Pl'l^ j. 

Proof: These results follow immediately from Lemmas 13.21 13.61 and 13.81 □ 



Note 3.10. Since particle insertion and the particle moves don't change the start- 
point, endpoint or value e{h) or f{h) of a path h, then in view of Lemma \C.l\ and 
Corollary we see that the action of a B-transform on h (£ V^'^ ^ j. {L) yields 
a path h' G Vlj^l^^ljiL'), where a' = a + [ap/p'\ + e, b' = b + [bp/p'\ + f, and 

rp,p'+p _ _ n 

"a',e — "b'J ~ ^• 

3.5. Particle content of a path. We again restrict to the case p' > 2p so that 
the (p,p')-model has no two neighbouring odd bands, and let h' G V^J^' ^ /(^')- ^'^ 
the following lemma, we once more restrict to the cases for which S'^J'^ = (5^/^ — 0, 
and thus only consider the cases for which the pre-segment and the post-segment 
of h! lie in even bands. 

Lemma 3.11. For 1 < p < p' with p' > 2p, let 1 < a',b' < p' and e,/ G {0, 1}, 

with SPf'^ = 6p''^j =0. Set a = a' - [a'p/p'l ^ e and b ^ b' - [b'p/p'\ - f. If 

h' G V^fy f,f{L'), then there is a unique triple {h,k,X) where h G 'Pabefi-^) f'^^ 
some L, such that the action of a B{k, X) -trans form on h results in h' . 

Proof: This is proved by reversing the constructions described in the previous 
sections. Locate the leftmost pair of consecutive scoring vertices in h' , and move 
them leftward by reversing the particle moves, until they occupy the 0th and 1st 
positions. This is possible in all cases when S^f^ = S^^^ = 0. Now ignoring these 
two vertices, do the same with the next leftmost pair of consecutive scoring vertices, 
moving them leftward until they occupy the second and third positions. Continue 
in this way until all consecutive scoring vertices occupy the leftmost positions of 
the path. Denote this path by h'^'\ At the leftmost end of h^'\ there will be a 
number of even segments (possibly zero) alternating in direction. Let this number 
be 2k or 2A: + 1 according to whether is it even or odd. Clearly h' results from h^'^ 
by a S3(A)-transform for a particular A with at most k parts. 

Removing the first 2k segments of h^'^^ yields a path h^^'^ G V^J^'i,' e f This 
path thus has no two consecutive scoring vertices, except possibly at the 0th and 
1st positions, and then only if the first vertex is a straight vertex (as in Fig. inj. 
Moreover, /i^'^^ arises by the action of a B2(fc)-transform on h^^\ 

Ignoring for the moment the case where there are scoring vertices at the 0th 
and 1st positions, /i^*^-* has by construction no pair of consecutive scoring vertices. 
Therefore, beyond the 0th vertex, we may remove a non-scoring vertex before every 



FERMIONIC EXPRESSIONS FOR VIRASORO CHARACTERS 



41 



scoring vertex (and increment the length of the first hne if 7r(/i') = 1 and e{h') ^ 
f{h')) to obtain a path h E "Pafe / (^) some L. Since [a'p/p'\ — [a'p/{p' ~ p)\, 
and [b'p/p'\ = [b'p/{p' —p)\ by Lemma IHll and thus a' = a + [ap/{p' —p)\ +e and 
b' = b+ \bp/{p' -p)\ + f, it foUows that arises by the action of a Z?i-transform 
on h. 

On examining the third case depicted in Tabled we see that the case where ft.^"^ 
has a pair of scoring vertices at the 0th and 1st positions, arises similarly from a 
particular h e b ef i^) ^'-'^ some L. The lemma is then proved. □ 

The value of k obtained above will be referred to as the particle content of h' . 

We could now proceed as in Lemma 3.13 and Corollary 3.14 of to, for appro- 
priate parameters, give a weight-respecting bijection between IJj, P^'^g fijnii 2fc -I- 

2toi — mo) X y(k,mi) and V^fj^^^ ^(rriQ^rai), and state the corresponding rela- 
tionship between the generating functions. However, something more general is 
required in this paper. This will be derived in Lemma [5.71 and CoroUarv 15.81 for 
certain restricted paths once the notation is developed in Section |21 
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4. The I?-transform 

4.1. The pure P-transform. The T) -transform is defined to act on each h G 
^a'b e /('^) yield a path h E 'Pabi-e ^^^^ exactly the same sequence of 

integer heights, i.e., hi — hi for < i < L. Note that, by definition, e{h) = 1 — e{h) 
and /(/i) = !-/(/!). 

Since the band structure of the {p' — p,p')-niodel is obtained from that of the 
(p,p')-model simply by replacing odd bands by even bands and vice- versa, then, 
ignoring the vertex at z = 0, each scoring vertex maps to a non-scoring vertex and 
vice- versa. That e{h) and e{h) differ implies that the vertex at i = is both scoring 
or both non-scoring in h and h. 

Lemma 4.1. Let h G 'Pabi^e obtained from h G 7^^'^ e fi^) action 

of the V -transform. Then 7r(/i) — 1 ~ Tr{h). Moreover, if m — m{h) then: 

• L{}i) = L- 

if e -\- d -\- Tr{h) =0{mod2), 
ife + d + Tr(h) ^Q{mod2); 
- wt{h). 

{ej,d) 




/ \ (C.J, a) 

Proof: Let h have striking sequence [tl bl tl ■■■ t',) ■ Since, beyond the ze- 
roth vertex, the 2?-transform exchanges scoring vertices for non-scoring vertices and 

/ \ (l-e,l-/,d) 

vice- versa, it follows that the striking sequence for h is { ^ ^ ^ " ' ] 

It is immediate that L{h) = L, 7r(/i) = 1 — 7r(/i), e{h) = 1 — e{h) and d{h) ~ d(h). 
Then m{h) = {e{h) -f d{h) -\- Tr{h)) mod 2 -t- J2i=i h = {e + d + 7r(/i)) mod 2 + L - 



Oi = 2((e + d + 7r(/i)) mod 2) + L - m{h) 



I 

i- 

\ let Wi ^ ai -\- bi for 1 < i <l. Then, using Lemma 12.21 we obtain 

1 

/ 



Ut{h) -\- Wt{h) = ^ bi{wi-i -\- Wi-3 H h Wi+i mod 2) 

/ 

^ai{Wi-i + Wi_3 H h Wl+j mod 2) 



i=l 

I 



= ^ Wi{Wi-i -\- Wi-3 H \- Wl+i mod 2) 

= {wi -\- W3 + ■ ■ ■){W2 -\- W4 -\- Wq -\- ■ ■ ■). 

The lemma then follows because {wi + W3 + W5 + • • • ) + (w2 + W4 -\- wq + ■ ■ ■) = L 
and {wi -\- 'W3 -\- W5 -\- ■ ■ ■ ) - {11)2 -\- ■W4 + We + ■ ■ ■) — ±a{h). □ 



Lemma 4.2. If 1 < p < p' with p coprime to p' , I < a,b < p' and e, / G {0, 1} 

then ^P'^P^P' - (yP'P and Rp' 'P'P' 4- RP'P' - rvP^P' 
uien a^ i^ — a^ ^^ ana p^, f, i_g_i„y -|- Pa,b,ej — '^a,b ■ 



Proof: Lemma IC. 21 gives [ap/p'\ -\- [a{p' — p)/p'\ — a — 1 and hkewise, [bp/p'\ + 
\b{p' — p)/p'\ =5—1. The required results then follow immediately. □ 
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4.2. The Z?P-pair. It will often be convenient to consider the combined action of 
a 2?-transform followed immediately by a S-transform. Such a pair will naturally 
be referred to as a KI?-transform and maps a path h e i^^f {L) to a path 

h' e "Pa'^b'^^-e where a', 5', L' are determined by our previous results. 

In what follows, the i3I?-transform will always follow a S-transform. Thus we 
restrict consideration to where 2(p' — p) < p' . 

Lemma 4.3. With p' < 2p, let h e Vl^^l'f {L). Let h' e Pj'^6'ti-e,i-/(^') ^^^"^^ 
from the action of a D -transform on h, followed by a B{k, X)-transform. Then: 

if ■K{h) = 1 and e = d(h), 

otherwise: 




where a — a'^'^ and (3 — j3^'^ 



{L' - Lf -a'- P^) + wt (A) - wt{h), 

b.l-e.l-f 



Proof: Let h result from the action of the 2?-transform on h, and let d = d(h), 
TT = 7r(/i), e = e{h) d = d{h), n = 7r(/i). Then we immediately have d = d, 
e — 1 ~ e, and n — I — tt. 

In the case where tt ~ and e d, we then have, using Lemmas 13.91 and 14.11 
L' = 2L{h) - m{h) + 2fc + 2 = 2L - (L - m{h) + 2) + 2A: + 2 = L + m{h) + 2k. 

In the case where tt = 1 and e = d, we then have, using Lemmas 13.91 and 14.11 
L' = 2L{h) - m{h) + 2k + 2 = 2L-{L- m{h) + 2) + 2k = L + m(h) + 2k-2. 

In the other cases, e + d + n = (mod 2) and soi + d + Tt = (mod 2). Lemmas 
ESlandlHTlyield L' = 2L{h) - m{h) +2k = 2L-{L- m{h)) + 2k= L + m{h) + 2k. 

The expressions for m{h') and wt{h') follow immediately from Lemmas 13 . 91 14 . ll 
andO □ 

We could now proceed as in Lemma 4.5 and Corollary 4.6 of "57 to show that the 
SP-transform implies, for certain parameters, a weight respecting bijection between 



and conse- 



UkK,bIj i^i'^o - mi - 2k) X y(k,mi) and Vlf^^, J_^ .y_j{mQ,m,i), 
quently a relationship between the corresponding generating functions. However 
again, something more general is required in the current paper. This is developed 
in Sectional resulting in Lemma [5.91 and CoroUarv lS.lOl 

We finish this section by examining how the Z?P-transform affects some of the 
parameters. 

Lemma 4.4. Let 1 < p < p' < 2p with p coprime to p' , 1 < a,b < p' and 

e, / e {0, 1}, and set a' = a+ l — e + [ap/p'J and b' = b+ l — f + [bp/p'] . Then 

P,p'+P n p'~P,p' Op' -P;P' J mP,P'+P _ ^P' -P;P' OP' ~P;P' 

— ^'^aM Pa,b,eJ Pa',b',l-e,l-/ " "a,b Pa,b,eJ " 



Proof: By using first Lemma l3 . 41 and then Lemma 14.21 we obtain: of^F^jt^ — a^'f + 
Paii-es~f = - Pl lll^f . By a similar route, we obtain: f3^a^t^{'_^,i-f = 

Pa,b,l-e,l-f ~ '^a,b ' a,b,e,f ' ^ 
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5. Mazy runs 

In this section, we examine paths that are constrained to attain certain heights 
in a certain order. We will find that the subset of V^lje f(-^) ^^^^ corresponds to 
an individual term Fa_b{u^, u^, L) as defined in Section Fl. 141 may be characterised 
in such a way. 

For 1 < a < p', let a be interfacial in the (p,p')-model, and let r = pP'P (a) so that 
a borders the rth odd band. Then a — [pV/pJ if and only if r = [pa/p'\ + 1, and 
a = [p'r /p\+l if and only if r = [pa/p' \ . In the former case, we write ujP'P (a) = r~ , 
and in the latter case we write ujP-p (a) = r+. It will also be convenient to define 
ujP'P (a) — oo when a is not interfacial (simply so that certain statements make 
sense). When p and p' are implicit, we write Lu{a) = lu^'^ (a). 

5.1. The passing sequence. For each path h £ 'Pa l e /(^)' passing sequence 
Lu{h) of /i is a word that indicates how the path h meanders between the interfacial 
values. It is a word in the elements oiTiF'^ = {1^, 1+, 2^, 2+, . . . , (p— 1)~, (p— 1)+} 
and is obtained as follows. First start with an empty word. For i — 0, 1, . . . , L, 
if hi is interfacial, append u}{hi) to the word. Then replace each subsequence of 
consecutive identical symbols within this word by a single instance of that symbol. 
We define ijj{h) to be this resulting word. 

For example, in the case of the path h S 'PI 4 e depicted in Fig.01 we obtain 
the passing sequence ijj{h) = l~l+2~2"'"2~2+2~l"'". 

In the case p' < 2p, it will be useful to note that not all the elements of TZ^ ^ 
can occur in a passing sequence, because some of them correspond to multifacial 
heights. The set of elements that cannot occur in this p' < 2p case is thus given by: 

TZP-P' = {(r - l)+,r- : 1< r < p', [(r - l)p'/p\ = \ rp' lp\ - 1} U {1", (p - 1)+}. 

The utility of the passing function lies in its near invariance under the i3- 
transform, and its simple transformation under the SP-transform. 

Lemma 5.1. Letp' > 2p and let h' e Vlj^l'i^ljiL') he obtained from h e P^'^j{L) 
through the action of a B{k, X) -transform. Then either Lo{h') — Lo{h), Lu{a)uj{h') — 
Lo{h), Lu{h')Lu{b) = Lo{h), or u}{a)Lj{h')uj{b) — Lo{h). 

Moreover, if either u!{a)uj(h') — uj{h) or uj{a)uj(h')Lu{b) = Lu{h) then 

SP'P' = 1 and hi ^ a - (-1)*=, 

and if either Lu{h') = ijj{h)Lo{b) or Lu{h') = U!{a)Lu{h)uj{b) then 

SP'f = 1 and hL-i =b-{-iy. 

Proof: Let h'--^^ result from the action of the Si-transform on h. The discussion 
of the i^i-transform immediately following Note 13.11 together with Tables |21 and 
El show that either ^(/iW) = uj{a)uj{h^°^) = uj{h), Lj{h^°'))uj{b) = Lu{h), 

or w(a)w(/i(°))w(6) = uj{h). In addition (see Table uj{a)ijj(h^°^) = uj{h) or 
tj(a)w(/i(°))w(6) = uj{h), only if Sp^-p = 1 and /ii = a - (-1)^ Similarly (see 
Table El uj{h^^^)uj{b) = uj{h) or w(a)w(/i("))w(6) = uj{h), only if (5^'^' = 1 and 
hi=b~{-l)f. 

Now let h'^^^ be the result of applying the S2(^)-transform of Section to 
Noting that because, whenp' > 2p, neighbouring odd bands in the (p,p'+p)-model 
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are separated by at least two even bands, we see that inserting particles into /i^"-* can 
change the passing sequence only if a' + (—1)"^ is interfacial and hf^ ~ a! ~ (— l)*^- 
This occurs only in that case where 5^'^ = 1 and hi ^ a — (— l)"^- In this case, 
= a;(a)w(/i(o)) = uj{h). Otherwise uj{h^''^) = 
Now let h' be the result of applying the i33(A)-transform to h'^'^\ By inspection, 
again noting that neighbouring odd bands are separated by at least two even bands, 
each of the moves from Section 13.31 does not change the passing sequence. This 
is not necessarily true of the edge-moves. Edge-moves 1 and 2 can change the 
passing sequence only if a' + (— 1)*^ is interfacial, uj{h^''^) begins with Lo{a), and 
hi = a — (—1)*^. In this case, the effect of the edge-move is to remove the ijj{a). 
Edge-moves 3 and 4 can change the passing sequence only if h' ^{—1)^ is interfacial, 
Lu{h^'''>) does not end with Lu{b), and hi = b — (—1)^- In this case, the effect of the 
edge-move is to append uj{b). Because a' + {—lY is interfacial imphes that (5g;f — 1, 
and b' + (—1)-^ is interfacial implies that = 1, the lemma then follows. □ 

For the case p' < 2p, the above result doesn't hold and uj{h') can be very different 
from uj{h). However, in this case, we can make do with the following result. For 
the sake of clarification, by a subword lu' of uj — UJ1LU2 ■ ■ ■ ^k, '^^ mean a sequence 
Lu' — LUi-^LUi.-^ ■ ■ ■ LUi^, where 1 < ii < 12 <■■■< ik' l£ k. 

Lemma 5.2. Let p' < 2p and let h' G 'P^'^^e fi^') obtained from the path 
h G 'P^'b e f{L) through the action of a B{k, X) -transform. Let lu' — uj'iUJ2 ■ ■ ■ Lo'j^t be 
the longest subword of uj{h') for which lo\ ^ lu'^+i for 1 < i < k' , that comprises the 
symbols m TZ^'P'^RP p' . Then either uj{h') = uj{h), Lu{a)uj{h') = oj{h), uj{h')uj{b) = 
to(h), or (jj{a)oj{h')uj{b) =uj(h). 

Moreover, if either uj(a)io{h') = Lo{h) or uj{a)uj{h')Lj{b) = Lo{h) then S^'P = 1 
and hi — a ~ {—ly, and if either uj(h')uj{b) = or Lu{a)uj{h')uj{b) — uj{h) then 

Sl'P^ = 1 and hL-i = b-{-iy. 

Proof: Note first that the heights in the {p,p' -t- p)-model that correspond to the 
symbols from TZP'P \RP'P are either separated by a single odd band or at least 
two even bands. We then compare the actions of the Bi-, B2{k)-, and ;B3(fc, A)- 
transforms to those described in the proof of Lemma l5.ll As there, w(a) might 
get removed from the start of the passing sequence if a is interfacial in the {p,p')- 
model, SP'P = 1 and hi = a — (—l)*^- Similarly uj{b) might get removed from the 
end of of the passing sequence if b is interfacial in the (p,p')-model, S^'^ — 1 and 
hL-i — b — (—1)''^. Apart from these changes, the action of the Si-transform can 
only insert elements from TZp p into the passing sequence. The same is true of the 
i32(fc)-transform. In the case of the S3(fc)-transform, we see that only those symbols 
that correspond to heights separated by a single even band might get inserted or 
removed. The lemma then follows. □ 

Since heights that are interfacial in the {p' — p,p')-model are also interfacial in 
the {p, p')-model and vice- versa, we see that the effect of a P-transform on a passing 
sequence is just to change the name of each symbol. So as to be able to describe 
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this change, for I < r < {p' ~ p) set B = [rp/ [p' — p)\ and define: 

a{r-) = R+; 
a{r+) = iR + ir, 

Then, if Lu{h) ~ lo\LiJi ■ ■ ■ tOk, define a(uj{h)) — a{uji)a(uj2) ■ ■ ■ a{LUk). 

Lemma 5.3. Let p' < 2p and let h' G T^a'i\^i-e obtained from the path 

h G 'J (L) through the action of a BD -transform. If ui' = uj'iUJ2 ■ ■ ■ cj'^,, is the 

longest subword of Lu{h') for which u}[ 7^ ^[+1 for I < i < k' , and which comprises 
the symbols in {o'{x) : x G TV ^^'^ }, then either lo' = a{uj{h)), uj{a)uj' = a{uj{h)), 
uj'uiib) = a{(jj{h)), or ijj{a)uj' uj{b) ~ a{uj{h)). 

Moreover, if either uj[a)u)' = a[ijj{h)) or Lu(a)Lo'uj{b) = a{Lu{h)) then a is interfa- 
cial in the {p,p')-model, = 1 and hi = a+(— 1)"^, and if either uj'Lo{b) — a{uj{h)) 

or tjj{a)Lo' uj{b) = a{Lu(h)) then b is interfacial in the {j),p') -model, 6^'^ = 1 and 

hL-l^b+{-l)f. 

Proof: For 1 < r < (p' —p), the lowermost edge of the rth odd band in the (jj' —p,p')- 
model is at height a = [rp' /(p' — p)\. Since p' > 2{p' — p), no two odd bands in 
the {p' — p,p')-niodel are adjacent and so a is the height of the uppermost edge of 
the i?th even band since R — \rp' /{p' — p)\ — r. Thus, in the (p,p')-model, the 
uppermost edge of the i?th odd band is at height a. We also see that the uppermost 
edge of the rth odd band in the {p' — p,p')-model is at height a + 1 which is also 
the height of the lowermost edge of the {R + l)th odd band of the (p,p')-model. 

Thus li h (z 'P^'^i_^i_j{L) results from a P-transform acting on then we 
immediately obtain uj(h) = a{u!{h)). The lemma then follows on applying Lemma 
10 to h. □ 



5.2. The passing function. Let p' > 2p, 1 < a, 6 < p', e, / G {0, 1} and L > 0. 

We now define certain subsets of P^'^ ^ j (L) that depend on d-^-dimensional vectors 
fi = (/ii , ^2 , • ■ ■ , Md^^ ) a-iid fJ'* — (/i* , /i2 , . . . , /i^L ) 7 and d^-dimensional vectors v = 
(i^i, 1^2, ■ ■ ■ , vj^r) and u* — (i/jj', , . . . , i^^h), where d'" ,d^ > 0. We say that a path 
h G Vat e fi^) is mazy- compliant (with /i., /x*, !><, v*) if the following five conditions 
are satisfied: 

(1) for 1 < j < d^, there exists i with < i < L such that hi ~ 

(2) for 1 < j < d^, if there exists i' with < i' < L such that hii — jij, then 
there exists i with Q <i < i' such that hi-fi*; 

(3) for 1 < j < d^ , there exists i with < z < L such that hi = v*\ 

(4) for 1 < j < d^ , if there exists i' with < i' < L such that hii = Vj, then 
there exists i with i' < i < L such that hi — ly*; 

(5) a d^ ,d^ > and i is the smallest value such that < i < L and hi — fj,l 
and i' is the largest value such that < i' < L and hii — vl, then i <i' . 

Loosely speaking, these are the paths which, for 1 < j < d^ , attain /i*, and do so 
before they attain any /i^; which, for 1 < k < d^, attain i/^, and do so after they 
attain any i^k', and which, if d^,d^ > 0, attain i^i after they attain the first nl- 
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The set V^'^^ f{L) 1 i ^* | is defined to be the subset of "P^'^^ j{L) comprising 
those paths h which are mazy-comphant with /it, /j,* , v, v* . The generating function 
for these paths is defined to be: 

(5-1) x-t./(^;'^) ^ 

We also define V^^\^ ^{L,m) | ^. : ^. | to be the subset of V^'^ ^ ^{L,m) com- 
prising those paths h which are mazy-compliant with i/, f* . We then define 
the generating function: 

The following result is proved in exactly the same way as Lemma 12.41 
Lemma 5.4. Let /3 = PaS'.ej- Then 

(mod 2) 

Our vectors fi, fi*, v, v* , will satisfy certain constraints. We say that fi and 
fi* are a mazy-pair in the (p,p')-model sandwiching a if they satisfy the following 
three conditions: 

(1) < fij, n* < p' for 1 < j < (we permit fi* = 0, /i* = p' although the set 
of paths constrained by such parameters will be empty); 

(2) Mj^/i* forl<i<d^; 

(3) a is strictly between^^ ^j^l and h'^l, and for 1 < j < d'^ , both and 
fJ-j+i are between /ij and /i*. 

If in addition, 

4. and /i* are interfacial in the (p,p')-model for 1 < j < rf^, 
we say that /x and fi* are an interfacial mazy-pair in the (p,p')-model sandwiching 
a. If /X and /x* are a mazy-pair (resp. interfacial mazy-pair) in the (p,p')-model 
sandwiching a, and u and i'* are a mazy-pair (resp. interfacial mazy-pair) in the 
(p,p')-model sandwiching b, then we say that fi, fi*, u, u* , are a mazy-four (resp. 
interfacial mazy-four) in the (p,p')-model sandwiching (a, 5). 

Lemma 5.5. Let fjb, ^* , v, u* be a mazy-four in the {p,p')-model sandwiching (a, b). 
If > 2 and fij^L — fi^L_i, then 

Xlie fiL, ^) l^l''"' ' = e fiL, m) l^i' ■ ■ ■ ' '',1 . 

If d^ > 2 and v^r = v^^a^i, then 

^•^By X between y and z, we mean that either y<x<.zoTZ<.x<.y. By x strictly between 
y and z, we mean that either y<x<z or z<x<y. 



48 



TREVOR WELSH 



Proof: Immodiatclv from the definition, V^'? f(L,m) I ^l' '^t'^ l'^^d^' I c 

^afe I u* u*^"^ f' Now considcr a path h belonging to the second 

of these sets. Since a is between h^l = ij,(IL_i and /z^^, and /z^^ is between 
fx^L = iid,L_i and then /i^^ is between a and Thus if /i attains 

f^di^-i then it necessarily attains and if it attains before it attains 

= Mrf^-i) then it necessarily attains /x^^ before it attains i^cil = iJtj_L_i. Thus 
h belongs to the first of the above sets, whence the first part of the lemma follows. 
The second expression is proved in an analogous way. □ 



Lemma 5.6. Let n, n*, u, v* he a mazy-four in the {p,p')-model sandwiching (a, b). 
If'i-<j<d^ and fij = Mj+i, then 



/ii, . . . , fij^i, fij, fij+i, fi^L ; ly 



~ X.a,b,eJ\^) \ II* II* II* II* ■ 

If'i-<j<d^ and v* = then 



Proof: Immediately from the definition, V^f', AL) [ - | ^ 

'Pf'h » f(-^) \ ^1' "'''i^^'^i^^' \. Now consider a path h belonging to the sec- 
ond of these sets. Since /^j+i is between /i* = M^+i a-i^d /ij, then if h attains 
and does so before it attains any /Xj+i, then it necessarily attains /x* and does so 
before it attains any /ij. Thus h belongs to the first of the above sets, whence the 
first part of the lemma follows. The second expression is proved in an analogous 
way. □ 



5.3. Transforming the passing function. In this section, we determine how the 
generating functions defined in the previous section behave under the S-transform 
and the SD-transform. 

Lemma 5.7. For 1 < p < p' with p' > 2p, let 1 < a,b < p' , e, f e {0,1}, 
and Too, mi > 0. Let /x, /x*, f, f* be an interfacial mazy-four in the {p,p')-model 
sandwiching {a,b). If S^'^. = 1 we restrict to d^ > 0, and likewise if S^'^ — 1 we 
restrict to d^ > 0. Set a' = a + e + [ap/p'} and b' = b + f + [bp/p'\ . Define the 
vectors n' , /j,*' , i/' , v*' , by setting ^'j = fij + p^'^ (fij) and /x*' = l^*j + P^'^ (Mj) for 
1 < i < rf^; and setting v'- = i/j + pP'P' (uj) and v*/ = i/] + pP'P' (f ;) for l<j<d^. 

V ^a'.e = 0; *^6n the map (ft,, /c, A) i— > h' effected by the action of a B{k,X)- 
transform on h, is a bijection between 
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^^'J,w(™o,"^l) { }• 

V ^a'e ~ 1 ^'^'^ A'd^- = a — (—1)'^, i/ien f/ie map (h,k,X) ^—^ h' effected by the 
action of a B{k, X)-transform on h, is a bijection between 

UKt'e,/("^i' 2fc + 2mi - mo + 2) [^^J] "A x y{k, m,) 

k ^ 

/n &of/i cases, 

wt{h') = + i ((mo - mif ~ (5^) + wt (A), 

where (f^l^^^^. 

Additionally, fi' , fi*' , u' , u*' are an interfacial mazy-four in the {p,p' + p) -model 
sandwiching [a',b'). 

Proof: It is immediate that fi' , fi*' , v' , v*' are a mazy- four in the {p,p' -|-p)-model 
sandwiching {a',b'). Let 1 < j < d^. Since /x* is interfacial in the (p,p')-model, 
Lemmal^^l) imphes that p,*' — ^*+pP-'P {p.*) is interfacial in the (p,p'+p)-model, 
The analogous results hold for iij for 1 < j < and for v* and Vj for 1 < j < d^. 
It follows that /x', /i*', 1/', 1/*' are an interfacial mazy-four in the {p,p' +p)-model 
sandwiching [a' ,b'). 

LemmaESIl) also shows that ujP'P' = ujP^p' +p{^i*+ pP'P' {pi*)) = ujP^p' (n*), 
with again, the analogous results holding for fij for 1 < j < d^ and for v* and 
for 1 < j < d^. 

Let h e T^a'b e /('Til, fn) ^^*. '^*^ ^^'^ ^' result from the action of the B{k, A)- 

transform on h. Lemma |5.1l implies that either Loihl) — uj{h), uj{a)uj{h') — Loih), 
Lo{h')Lo{b) = u){h), or Lo{a)u){h')u){h) — u){h). In the case u){h') = w(ft.), it follows 
immediately that h' is mazy-compliant with /i,', /x*', i/', jv*'. 

In the case oj{a)u}{h') = uj{h), then necessarily a is interfacial in the (p,p')-model. 
Since fi, fi* are a mazy-pair sandwiching a, a fi* for 1 < i < rf^. It follows that h' 
satisfies conditions 1 and 2 for being mazy-compliant with fi' , fi*' ,v' ,1^*' . For the 
other conditions, note first that Lemma f5 . II implies that Jg'f = 1 so that > 0, 
whereupon if > 0, there exists i' > i > such that hi = and hi' = i/^. Since 
u, V* are a mazy-pair sandwiching b, it follows that if 1 < j < d^ , then there exists 
i" > %' such that hi'i = v*. Then from u!{a)uj{h') = Lu{h), it follows that h' satisfies 
the remaining criteria for being mazy-compliant with fjb' , jj,*' ,u' ,i>*' . 

The cases uj[h')Lo{b) = Lu{h) and ct;(a)a;(/i')a;(6) = ^{h) are dealt with in a similar 

way. Thereupon, making use of Lemma [3.91 h' G 'Pa'^b'^e fi^' ^ ''^i) { }' ^'^^ 

some L'. 

In the case (S^'f = 0, if 7r(/i) = 1 then d{h) ^ e. Lemma [3.91 thus gives L' = 
2mi — m -|- 2k. 

In the case 5^-^ = 1, we have h^l = a— (—1)*^ which implies that hi ~ a+ (— 1)*^. 
Thence, Tr{h) = 1 and d{h) — e. Lemma [3.91 thus gives L' — 2mi — m + 2k + 2. 

Now consider h' e T'^-^tejl^'. "n) { }• Lemma EH shows that 6^/+^ 

gP,P +P _ whereupon Lemma [3.11l shows that there is a unique triple {h, k, A) with 
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h e T^a ii e /("^i' A is a partition having at most k parts, the greatest of which 

does not exceed toi, such that h' arises from the action of a B{k, A)-transform on h. 
Now employ Lemma I^TI Whether uj{h') = cj{h), uj{a)uj{h') = uj{h), uj{h')uj{b) = 
uj{h), or uj{a)uj(h')u!(b) = uj{h), it is readily seen that h is mazy-compliant with 
fi, fi* , V, u*. The bijection follows on taking mo = L' . 

The expression for wt{h) also results from Lemma 13.91 □ 

Corollary 5.8. Let all parameters be as in the first paragraph of Lemma \5.7\ If 

either S^'^ — 0, or 6^'^ — 1 and fij^L = a — (—1)'^, then: 



m~rno 
(mod 2) 



i(mo + m) 
mi 



9 



where /3 = PaAej- 

In addUzon, a^/'+^ = + (3^j[^j and 0^^^ = 0^^^^^. 

Proof: Apart from the case for which mi — and e ^ f , the first statement follows 
immediately from Lemma 15.71 on setting m = 2k + 2mi — too, once it is noted, via 

Lemma [2. 71 that '=+'"1 is the generating function for y{k,mi). 
L '"I J g 

In the case TOi = and e ^ /, after noting that 5^;*^ = 0, it is readily seen that 
if a path h' is to contribute to the left side, then mo is odd, \a' — b'\ = 1, the band 
between a' and b' is even and h' alternates between heights a' and b' . Also note 
that a' — e ^ b' — f from which we obtain a — b. There is only one path h' satisfying 
the above. Via the same calculation as in the proof ofEHl wt{h') = \{ml - 1). 
Then, since Xa'be /(O'"^)!} — 5m.l^ the expression certainly holds if = d^ — 0. 
If either > or d''^ > then the right side is zero since each contributing path 
must attain /u^i, 7^ a or v*^ii ^ b respectively. Correspondingly, the left side is zero 
in the case > since because /i^^ is interfacial and /^^i = + P^'^ (Mdi)i 
follows that 7^ a' and /i^'i, ^ b'. That the left side is zero in the > case 
follows similarly. 

By the above reasoning, the left side is zero if either toq is even or a 7^ 6. It is 
easily checked that the right side is also zero in these cases. 

The second statement is Lemma FOl □ 

We also require SP-transform analogues of Lemma Wr7\ and Corollarv l5.8l How- 
ever, the restrictions that applied in the cases where S^'P — 1 or S^'^ — 1 are not 
sufficient for what is required later. 

Lemma 5.9. For 1 < p < p' with p' < 2p, let 1 < a,b < p' , e, / G {0,1}, 
and mo, mi > 0. Let /x, /x*, f, f* be an interfacial mazy-four in the {p,p')-model 
sandwiching {a,b). IfS^^P'P — 1 we restrict to > 0, and likewise if ^^'^ = 1 
we restrict to d^ > 0. Set a' = a-|-l — e-|- [ap/p'J and b' = 6-f 1 — /+ \bplp'\ . Define 
the vectors fi' , fi*' , v>' , u*' , by setting ^'^ ~ ^j+ff ^ {fj,j) and fi*' = fi* + p^'^' (i-J.*) for 
l<j<d^; and setting i/' = i/^ + pP'P' {vj) and v*' = v* + p'''^' {1^*) for l<j<d^. 
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IfS^ e ^'^ = 0; then the map {h, k, A) ^ h' effected by the action of a V-transform 
on h followed by a B{k, X) -transform, is a bijection between 

If SP — 1 and iij^L — a — (—1)'^, then the map (h, k, A) <—>■ h' effected by the 
action of a B{k, X)-transform on h, is a bijection between 

U < (^1: "^0 - mi - 2fc + 2) jj;,; X yik, mi) 
/n both cases, 

wt{h') = i (m^ + (mo - mi)^ - _ _,32^ + (A) - wt{h), 

wherea = aP;l and (3 ^ I3l'l^^_^^^_j. 

Additionally, fi' , fi*' , u' , u*' are an interfacial mazy-four in the {p,p' p) -model 
sandwiching {a',b'). 

Proof It is immediate that fi' , fi*', u' , u*' are a mazy-four in the {p,p' + p)-model 
sandwiching {a',b'). Let 1 < j < d^ . Since fi* is interfacial in the {p' — p,p')- 
model, Lemma FC . 41 imphes that ^* is interfacial in the (p,p')-model and then also 
that /X*' = yU* + pP'P' {^*) is interfacial in the (j),p' + p)-model. The analogous 
results hold for fij for 1 < j < and for v* and Vj for 1 < j < . It follows 
that fi' , /X*', f ', f *' are an interfacial mazy-four in the {p,p' +p)-model sandwiching 
{a',b'). 

Lemma KT^ also shows that if i? = [rp/(j)' ~ p)\ then ujP ^^'^'(^ij) = =^ 
ujP-'P'{fi*) = R+ =^ ujP'P'+P{^i*') = R+, and u;p'~p-p' (^i*) = r+ =^ = 
{R+ 1)- =^ ujP^P'+P{pL*/) = 1)". The analogous results hold for fij for 

^ < j < d'^, and for i^* and Vj for 1 < j < d^. 

Let h e 'Pabe'f (mi,m) |i and let /i result from the action of a 2?- 

transform on h, and let h' result from the action of a B{k, A)-transform on h. Lemma 
I5.3l thcn implies that the longest subword lu' = uj[lu'2 ■ ■ ■ wj., of Lu{h') that comprises 
the symbols in {a-{x) : x e TZp "P'P }, and for which uj[ ^ i^^+i for 1 < i < A:', is such 
that either lu' = a(uj{h)), Lu{a)uj' = a{uj{h)), uj'uj{b) — a{uj{h)), or w(a)a;'u;(6) = 
a{Lj{h)). In the case lo' = uj{h), it follows immediately that h' is mazy-compliant 
with /x', /X*', 1/', iv*'. The other cases are dealt with as in the proof of Lemma [5. 71 

Thereupon, making use of Lemma 14.31 h' G ^a''b'~?-e i-/(-^'' "^i) { }' 
some L'. 

To determine L' , first consider Sp ~P'P = 0. Here, if 7r(/i) = 1 then d{h) ^ e. 
Lemma [4.31 thus gives L' = m -\- mi -I- 2k. 

In the case Sp ~P'P = 1, we have fi^L = a — (—1)'^ which implies that hi ~ a + 
(—1)'^. Thence, 7r(/i) = 1 and d{h) = e. Lemma lOl thus gives L' — m + mi + 2fc-t-2. 
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Now consider h' e ^a'^6'^e'/(^'' "^i) { J^"-^*' } ^^'^ ^' longest subword 

u}' = u![ijj'2 ■ ■ ■ oj'i^, of uj{h') that comprises the symbols in {cr{x) : x G TZ^ ^^'^ }, and 
for which o;^ ^ ^[+1 for 1 < « < k' . Lemma [C.ll shows that d^f^'^'' — 5^^^^^ — 
0, whereupon Lemma 13. 1 II shows that there is a unique triple {h,k,X) with h G 
'^a'be and A is a partition having at most k parts, the greatest of which 

does not exceed mi, such that h' arises from the action of a B{k, A)-transform on 
h. The D-transform maps /i to a unique h G 'Pabef (wi, m), so that h' arises from 
a unique h hy a Z5P-transform. Lemma |5.3I implies that lu' = a{Lu{h)), Lu{a)Lo' = 
a{uj{h)), uj'uj{b) = a{u!{h)), or uj{a)u!'uj{b) — (T{Lu{h)). In either case, it follows that 

h is mazy-compliant with ^, jj,* ,v,u* . Therefore, h G V^i^^'f ("^i? | |j 

and the bijection follows on taking mo = L' . 

Lemma [4.31 also yields the expression for wt{h). □ 



Corollary 5.10. Let all parameters be as in the premise of Lemma \5.fA If either 
SP-P'P' = 0, or SP-P'P' = 1 and ^i^l = a - {-If, then 



m=mQ—m\ 
(mod 2) 



i(mo 



+ TOl — to) 
TOl 



w/iere a = and /3 = Pli^i^e,i-f 

In ndrlifinn ryP'P'+P - '2r,P'~P'P' - RP' 'P^p' nnd RP'P'+P - tyP' ~P'P' - RP'-P^P' 

in aaanion, a^ijj, —Za^j^ Pa,b,e,f /-'a',b',l-e,l-/ ~ a,fc Pa,b,e,f ■ 



Proof: Apart from the case for which toi = and e ^ f, the first statement follows 
immediately from Lemma |5.9I on setting to — rriQ — toi — 2k, once it is noted, via 



Lemma l^n that 



k-\-mi 
mi 



is the generating function for y{k, mi). The case toi = 



and e ^ / is dealt with exactly as in the proof of Corollary 15. 81 
The second statement is Lemma ^31 



□ 



5.4. Mazy runs in the original v^reighting. Although not required until Section 
17.41 here we define generating functions for paths restricted in the same way as in 
Section 15^ but which have the original weight function H2.1|) applied to them. 

With fi = (^i,/i2, . . . A** = (Mi,M2> • ■ • = {'^i,>^2,---,i^d'i), and 

v* = {vl,vl, . . . , v^a) for d^,d^ > 0, we say that a path h G 'Pa'b cW mazy- 
compliant (with ^1, IjL* ,v,v*) if the five conditions of Section \b.2\ hold. The set 
'^a'bcW { ^* ■ } defined to be the subset of V^"^ ^{L) comprising those paths 
h which are mazy-compliant with {jl, {jl* ,i',u* . The generating function for these 
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paths is defined to be: 

(5.2) 3) E i""'^"^- 

Lemma 5.11. Let 1 < a,b < p' with b non-interfacial in the {p,p')-model, and let 
A e {±1}- Let ix,ix*,u,u* he a mazy-four in the {p,p')-model sandwiching {a,b). 

If d^ = or b - A ^ i/^a set z/+ = and = v* . Otherwise, if > and 
b — A = v^^, set d^ > to be the smallest integer such that b — A = 
setv+ = {vi,V2,---,v^+) andv+* = {vl,v^, . . . ,v*^.). 

1) If p' > 2p and either d^ = or b + A^ u^r then: 



Xa',&,6+A(^) \ ,,*■,.* \ — Xa,b-A,bi^ ~ 1) 



_i_„i{L-A{a-b))^P,p' C7-_1\/^''^ 

2) Ifp' > 2p and either both d^ > and 6 + A = z/^h, or 6 + A e {0,p'} then: 
P,p' 1 _ i(L+A(a-b)) p,p' rriJ/^'^l 

Xa,b,b-A\-^) 1 I/* J ~ ^ Xa,b,b+^^ ) \ /i*; I/* J 

_ i(i,+A(a-6))^p,p' cr _ 1^ //^ \ 
S'J Ifp' < 2p and either d^^ or b + A ^ v^r then: 

x^i+aw {;;;.::;*} = «'^^+^^«-''»x^xA,.(i - 1) 



4)Ifp'<2p and either both d'^ > and b + A = UaR, or b + A £ {0,p'} then: 

^P,P' I'r^i /a* 1 _ „-i(I.+A(a-6))^P,p' (T\l^ ''^\ 
Xa,b,b-A\^) \^*.^^*} - 1 Xa,b,b+A\^) 



Proof: Consider h G V^',,_^{L) { ! ^ }■ If either d^ = or b + A ^ ly^R, 
the first {L — 1) segments of h constitute a path which is either a member of 
K:tA,biL -!){;:.: :t } or a member of V^f^^^.iL (In the first 
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of these, wc use i/+ and 1/+* instead of u and v* when 6 — A = z/^h because 
then V and i^* are not a mazy-pair sandwiching & — A.) In cither case p' > 2p or 
p' < 2p, consideration of the weight of the Lth vertex of h, then yields the first 
identity between generating functions in 1) and 3). The second identity in these 
cases follows in a similar way. 

Now consider h as above when either both d-'* > and b + A = v^h , or 6 + A 6 
{0,p'}. Necessarily Hl-i = b — A. Thus when p' > 2p the Lth vertex is scoring, 
and when p' < 2p the Lth vertex is non-scoring. Changing its direction yields the 
first identity in both 2) and 4). The first (L — 1) segments of h yields a path which 

is a member of Pa t- A bi^~^) { i !^+* }' "^^^ second identity in 2) and 4) follows 
as in the first paragraph above. □ 
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6. Extending and truncating paths 

6.1. Extending paths. In this section, we specify a process by which a path 
h G "P^'fc e j{L) may be extended by a single unit to its left, or by a single unit to 
its right. Consequently, the new path h' is of length L' = L + 1. An extension on 
the right may follow one on the left to yield a path of length L + 2. 

Throughout this section, /i,, /i,*, i/, i/* are a mazy-four in the (p,p')-model sand- 
wiching (a, 6), with fi, fi* each of dimension > 0, and i^, v* each of dimension 
> 0. 

We restrict path extension on the right to the cases where J^'^ = so that 
the post-segment of h lies in the even band. The extended path h' has endpoint 
h' = A, where if h is interfacial we permit both A — ±1, and if b is not interfacial 
we permit only A = (—1)^ (in this latter case, the {L + l)th segment of h' lies in 
the same direction as the post-segment of h). We specify that the (L + l)th vertex 
of h' is a scoring (peak) vertex. Thus, on setting /' = if 6' = 5 — 1, and /' = 1 
if 6' = 6 + 1, we have h' e Vli, ^ ^,{1 -f 1) given hy h'^ = hi ioY < i < L and 
h'L+i = b'- 

The three diagrams in Fig. EH depict the extending process when / = 1. 



b 
b' 



b 
b' 



Figure 10. Path extension on the right. 



The / = cases may be obtained by reflecting these diagrams in a horizontal axis. 

Lemma 6.1. Let 1 < a,b < p' and e, / G {0, 1} with = Q, and let L > 0. If 

b is interfacial let A — ±1, and otherwise set A — (—1)-'^. Then set b' = b + A 
and let f G {0, 1} be such that A = -(-1)^'. If h' G V^f, ^ j.;{L') is obtained from 
h G T^aii e fi^) by above process of path extension, then: 

• L'^L + 1; 

• m{h') — m(h); 

• wt{h') = wt{h) + ^{L- Aa{h)). 

In addition, if \bp/p' \ = \b'p/p' \ then /' = 1 — f , and if \bp/p' \ ^ \b'p/p' \ then 
f ^ f. Furthermore, a^^, = a^;?' + A and ff^f-^.j, = ^aLf + A- 
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bl to bl Vi I ^^'^ assume first that 

L > 0. With = 0, it is readily checked that the Lth vertex of h' is scoring 
if and only if the Lth vertex of h is scoring. This holds even if L = 0. Since the 
{L + l)th vertex of h' is scoring, it immediately follows that m{h') = m{h). 

If L = 0, then necessarily a{h) — whereupon the expression for wt{h') holds. 
Now consider L > 0. If the extending segment is in the same direction as the Lth 

/ \(e,/',d) 

segment, h' has striking sequence H ^^''^A and A -(-1)'^+'. If 

the extending segment is in the direction opposite to that of the Lth segment, h' 

/ \(e,/',d) 

has striking sequence ["l^ ^ "'^ l'^ °] and A = (-1)''+'. 

For 1 < i < I, let Wi ^ a^+bi. We find a(h) = +ti;;_2 • • ■)-{wi-i + 

wi-3 + ■••)). In the first case above. Lemma \2.2\ gives wt{h') = ■wt{h) + + 
w/_3 + w;_5 + ■••)) whereupon we obtain wt{h') = wt{h) + ^[L{h) — Aa{h)). In 
the second case above. Lemma IT^ gives wt{h') — wt{h) + (wi + w;-2 +W1-4 + ••■)) 
and we again obtain wt{h') — wt{h) + — Aa{h)). 

In the L = case, let d' — d{h'). It is easily seen that d' = / if and only 

if 7r(/i') — 0. It then follows that h' has striking sequence (^"^ j*-^'-^ '"^ •* ^j^fj that 
m{h') = m{h), a{h) — and wt{h') — wt{h) — thus verifying the first statement 
in the L = case. 

The penultimate statement follows from the definitions, noting that \h'p/p' \ ^ 
\hp/p'\ only if h is interfacial in the (p,p')-model and A = — (— 1)-^. 

That a^'f,' = a^'P' + A is immediate. = Z?^;^', j + A follows in the 

\bp/p'\ ^ \b'p/p'\ case because then \ b'p/p'\ — \ bp/p'\ + A and /' — /, and in the 
[hp/p'\ = [h'p/p'] case because / = 1 - /' and A = -(-1)^' = 2/' - 1. □ 

Lemma 6.2. Let 1 < a,b < p' and e, / G {0,1} with (5^'^ =0. If b is inter- 
facial let A — ±1, and otherwise set A — (—1)-^. Then set b' = b + A and let 
f e {0,1} be such that A = -(-1)-'". Define u' = {vi, . . . ,v^R,b' + A) and 
I/*' = I'^Rjb' - A). // either = or both b' ^ v^r and b' ^ v*^r, then 

jji, fjb* ,u' ,u*' are a mazy-four sandwiching {a,b') and 

where a = a^'^ . 

In addUion, cPf^ = <f + A, /J^^' e /' = /^af e / + ^> '^rid iff' = l-f then 
lb'p/p'\ = [bp/p'\, and if 'f' = f then [b'p/p'\ = [bp/p'l+A. 

Proof: That fi, /j,* ,v' ,1/*' are a mazy-four sandwiching (a, 6') follows immediately 
if d^ — 0. If d^ > 0, it follows after noting that since b is strictly between i^^jr and 
ly^R , and b' ^ vj^r and b' 7^ v*^r , then b' -\- A and b' — A are both between vj^r and 

Let L > and h e V^'^^ j iL - 1, m) | |. Extend this path on the right to 

obtain h' with h'j^ = b' — b + A. Clearly, h' attains b = b' — A and does so after it 
attains any b' + A. It follows that h' is mazy-compliant with /x, /x*, i/', v*' . Then, 
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via Lemma [6. II h' £ "P^'j/ g fi{L,m) 1 1- Conversely, any such h' arises from 
some h £ e/(^ ~ li"^) ||^«!^-» |, in this way. For L > 0, the required resuh 

then foUows from the expression for wt{h') given in Lemma |6. II and a{h) = a^'^ 
from Lemma [2 .31 For L < 0, both sides are clearly equal to 0. 

The final statement follows from Lemma IHTI □ 

For h £ "P^'^g now define path extension to the left in a similar way. 

Here, we restrict path extension to the cases where J^'f = so that the pre-segment 

of h lies in the even band. If i = 0, we also restrict to the case J^'j? = 0. The 
extended path h' has startpoint a' = a + A, where if a is interfacial we permit 
both A = ±1, and if a is not interfacial we permit only A = (—1)"^ (in this latter 
case, the 0th segment of h' lies in the same direction as the pre-segment of h). We 
specify that the 0th vertex of h' is a scoring (peak) vertex. Thus, on setting e' = 

if a' = a — 1, and e' = 1 if a' = a + 1, we have h' £ P^i^f, ^, j{L + 1) given by 
h'^ = for 1 < i < i + 1 and = 6'. 

The three diagrams in Fig. II II depict the extending process when e = 1. 



a A 
a.' N^^i 



Figure 11. Path extension on the left. 



The cases where e = may be obtained by reflecting these diagrams in a horizontal 
axis. 

Lemma 6.3. Let 1 < a,b < p' and e, / £ {0, 1} with S^'P' = 0. Let L > 0, but 
if (5^ J — 1 restrict to L > 0. If a is interfacial let A — ±1, and otherwise set 
A = {-ly. Then set a' = a + A and let e' £ {0, 1} be such that A = -(-1)'''. 
If h' £ V^fb f.' f{L') is obtained from h £ V^'^ ^^{L) by the above process of path 
extension, then: 

• L'^L + 1- 

• r/?') - / ^^^^ \ o-pIp'\ = Kp/p'J: 

\ Mh) + 2 tf [ap/p'\ ^ [a'p/p'\- 

• wt{h')^wt{h) + \{L~m{h) + AI3{h)). 



58 



TREVOR WELSH 



In the subcase where d and tt — 1 then { h'^li 1^ ... V] is the striking 



In addition, if [ap/p' \ — [a'p/p'j then e' = 1 — e, and if [ap/p' \ ^ [a'p/p' \ then 
e' = e. FuHhermore, c^^ = - A and ^1^^,^, = 0^^^^, - A. 

Proof: Let h have striking sequence ( ''' ^' j , let tt = 7r(/i), and as- 

sume first that L > 0. Consider the case \ap/p'\ = [a'p/p'J, where necessarily 
A = (— 1)*^ (in the case of interfacial a, this follows from 5'^-'^ = 0). It follows 
immediately from the definition that d{h') = e' = 1 — e and 7r(/i') =0. 

In the subcase where e = d then h' has striking sequence L ' ' j 

and TT = 0. We see that m{h') = m{h) and wt{h') = wt{h) + (6i + 63 H ). Since 

I3{h) = A((6i + 63 + • • • ) - (^2 + &4 + • • • )) and m(/i) = (ai + 02 + (I3 + •••)> we 
obtain = wt{h) + (L - m(h) + A(3{h))/2. 

^ , (e',/,e') 
^fci + 1 62 ■■■ b, , 

sequence of h' . We see that m{h') = ■m{h) and wt{h') = wt{h) + (62 + 64 + • • • ). 

Since = -A((6i + 63 H ) - (62 + 64 H )) and m(/i) = (ai + 02 + as H ), 

we obtain wt{h') = wt{h) + {L - m{h) + Aj3{h))/2. 

/ \ (e',/,e') 

In the subcase where e ^ d and tt = then ( "^^^^^ '^^ is the striking 

sequence of h' . We see that m{h') = m{h) and wt{h') = wt{h) + {b2+b4 + - ■ ■ ). Since 
/3{h) = -A((6i + 63 + •••)- (1 + 62 + 64 + •••)) and m(/i) = (1 + ai + 02 + 03 + • • • ), 
we obtain wt{h') = wtQi) + {L - m{h) + A/3(/i))/2. 

Now consider the case \_ap/p'\ ^ [_a'p/p'\ , where necessarily a is interfacial and 
A = —(—1)'^. It follows immediately from the definition that d{h') = e' = e and 

7T{h') = 1. 

( \ (e',/,e') 
"fei" 62 ■•• b'l) 

and TT = 0. We see that m{h') — m{h) + 2 and wt{h') = wt{h) + (62 + 64 + • • • ). 
Since I3{h) = - A((6i + 63 + •••)- (^2 + 64 + •••)) and m{h) = (ai + 02 + 03 + • • • ), 
we obtain wt{h') = wt{h) + {L - m{h) + A/J(/i))/2. 

In the subcase where d then h' has striking sequence ( p ^' j 

and TT = 1. We see that m{h') = m{h) + 2 and wt{h') = wt{h) + (61 + 63 H ). 

Since I3{h) = A((6i + 63 + •••)- (62 + 64 + •••)) and m(/i) = (ai + 02 + as H ), 

we obtain wt{h') = wt{h) + {L - m{h) + Aj3{hj)/2. 

Now consider L = when 'wt{h) = 0. If e = / then m(/i) = = 0. If in 

addition n(h') = 0, then h' has striking sequence 

^O^U-e,ja-e, so that m{h') = 

wt{h') = 0, as required. Otherwise, if in addition 7r(/i') = 1, then h' has striking 
sequence (q)*''^ '^'^'' so that m(h') = 2 and wt{h') = 0, as required. For e 7^ /, we 
have m{h) = 1 and /3(/i) = / — e. The restriction that (5^ j = forces 7r(/i') = 0, 

whereupon h' has striking sequence (q)^^ ^''^'^ so that A = / — e = 
m(/i') = 1 and wt{h') = 0, as required. 

That of^F^ = — A is immediate. Pa'\ e' / = /^a be / ^ ^ follows in the 

[ap/p'J 7^ L'^'p/p'J case because then [a'p/p' \ = [ap/p'\ + A and e' = e, and in the 
[ap/p'j = [a'p/p'} case because e = 1 — e' and A = —(—1)* = 2e' — 1. □ 
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Lemma 6.4. Let 1 < a,b < p' and e, / £ {0,1} with (5g'f = 0. In addition, if 

Sl^P = 1, restrict to d^ > 0. If a is interfacial let A = ±1, and otherwise set 

A = (-1)^ Then set a' ^ a + A and let e' G {0,1} be such that A = -{-l)"' . 
Define fj,' = (/ii , . . . , /i^t , a' + A) and fi*' — {fi^ , ■ ■ ■ , ij.'^l ,o-' — A). If either d^ = 
or both a' / vj^l and a' ^ v^^l, then fi' , /j,*' , v> , u* are a mazy-four sandwiching 
(a', b) and 

OP-'P' (T m 4- 9JiPP' ) I ^' \ — „h{L-'i--m+A(i)~p..p' (T ^ r,A i ^ ' ^ \ 

where (3 ^ Pa'lej- 

In addition, a^f^^ = a^'^ — A, e' f ~ l^a'be f ~ "^""^ if e' = 1 — e then 
[a'p/p'l — [ap/p'l, and if e' ^ e then \a'p/p'\ — \ap/p'\ + A. 

Proof: That /j,' , fi*' , v , i/* are a mazy-four sandwiching {a',b) follows immediately 
if = 0. If c?-^ > 0, it follows after noting that since a is strictly between fij^L and 
fi'^i^ , and a' =/= fi^L and a' ^ /ijjj, , then a' + A and a' — A are both between ^j^l and 

Let L > and h e Va.b.eji^ ~ 1' { J^*-^* }■ Extend h on the left to obtain 
h' with h^ = a' = a + A. Clearly, h' attains a = a' — A and does so before it 
attains any a' + A. It follows that h' is mazy-compliant with fi' , /j,*' . Then, 
via LemmaESl h' e V^^J^^^, j{L,m) | |. Conversely, any such h' arises from 

some h £ T^^'^e /(^ ~ l?"^) | | ™ this way. For L > 0, the required result 

then follows from the expression for wt{h') given in Lemma 16.31 and /3(/i) = /J^'f g f 
from Lemma [2 .31 For i < 0, both sides are clearly equal to 0. 

The final statement also follows from Lemma [6.31 □ 



6.2. Truncating paths. In this section, we specify a process by which a path 
h g "P^'ft e /(^)' where L > 0, may be shortened by removing just the first segment, 
or by removing just the Lth segment. Consequently, the new path h' is of length 
L' = L — 1. A shortening on the right may follow one on the left to yield a path of 
length L - 2. 

Throughout this section, fi, fi* ,v>,i/* are a mazy-four in the (p,p')-model sand- 
wiching (a, 6), with fi, fi* each of dimension , and f , f * each of dimension d^ . 

Removing the Lth segment of /i G T-'at e fi-^) permitted only if = b + 

(—1)-'^ and S^'^ = so that the Lth segment of h lies in an even band and the Lth 
vertex is scoring. We specify that f{h') = 1 — f{h) so that the post-segment of h' 
is in the same direction as the Lth segment of h. If b' = ft-L-i and f' = l — f then 
h' e Vl% ,^ j,{L - 1) with /i^ = for < i < L - 1. 

Lemma 6.5. Let 1 < a,b < p' and e, / G {0,1} with (5^'^ — 0. For L > 0, let 
h G 'Pli,, f{L) be such that Hl-i = 6 + (-1)^ and let h' G Vl'^, ^j,{L') be obtained 
from h by the above process of path truncation. If A = b — b' then A ~ (— 1)-^ , 
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/=!-/', and 

• L' = L-1; 

• m{h') = m{h)] 

• wt{h') wt{h) ~ ^{L- Aa{h)). 
In addition, a^;^, = a^'f - A and (31%., ^j, = Kl^ej " ^■ 

Proof: That A = (—1)-'^ and / = 1 — /' and L' = L — 1 are immediate from 
the definition. Let have striking sequence f 63 ■■■ ) ' "^ti^nce A = 

— (—f Since = & + l)''^, the Lth vertex of h is scoring and thus 6; > 1. 

Since = and /' = f — /, it follows that the {L — l)th vertex of h' is scoring 
if and only if the (L — l)th vertex of h is scoring. This holds even if i = 1. Thus 
m{h') = m{h). 

, N(e,/',d) 

When a/ + 6; > 1, h! has striking sequence ( ^^^-^ j and when 

/ \(ej',d} 

ai + bi > 1, h' has striking sequence H H ■ It follows that 

L' = L — 1 and m{h') — m{h). 

For 1 < i < Z, let = ai + bi. Lemma 12.21 gives wt{h') — wt{h) — +w/_3 + 
w/_5 + •••), whereupon, since a{h) — A((w/ + wi^2 • • • ) ^ + W/-3 + •••)); 

obtain = wt{h) - \{L{h) - Aa{h)). 

That a^'l, — a^'^ — A is immediate. Since S^'^ — 0, we have [b'p/p'\ = 

l{b+{-iy)p/p'\ = [bp/p'\. ThenP^:,^j, = [b'p/p'\~[ap/p'\+f-e=[bp/p'\- 

[ap/p'\ + / - (1 - 2/') - e = - A, as required. □ 



Lemma 6.6. Let 1 < a,b,b' < p' and e, / S {0,1} with b — b' = —{—1)^ and 
SP'P' = 0. Set A = 6-6' and /' = 1 -/. If d^ > 0, let v^n. 7^ b' and v^r = 6 + A. // 
d^ = 0, restrict to b € — !}• Then fi, /j,* jV,^* are a mazy-four sandwiching 

(a,b'), and if L > then: 

where a — a^'^ . 

In add-on, a^, = a^S " A, e,/' = /^a'.ll/ " ^ L^'p/^'J - \bp/p'\. 

Proof: If > then since 6 is strictly between v^ir and z^^j, , and 6' 7^ i^^H and 
b' ^ i^'^R, it follows that 6' is strictly between v^r and Thus /x, fi* , v, v* are a 
mazy-four sandwiching {a,b'). 

Let /i e 'P^t'^ f{L+l,m) | ^J^. |. First consider > 0. Since v^r 6+ A and 

A = ±1, and since h attains v^i^ after any z^^r, then necessarily = 6 — A = 6'. 
Then, on removing the final segment of h, we obtain a path h' for which, via Lemma 

16.51 h' g V^f, g f'iL, m) | ^.i^. |. Clearly, each /i' in this latter set arises this way. 

If d^ — 0, the same argument may be used after replacing Vj^r by (resp. p') when 
6 1 (resp. p' — 1) and necessarily A = — 1 (resp. + 1). The lemma then follows on 
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using the expression for wt{h') given in Lemma 51 and a{h) — o?^\ from Lemma 

The final statement foUows from Lemma 16.51 and noting that 5^'^ = and 
&' = 6 + (-1)/ implies [b'p/p'\ = \ hp/p'\. ' □ 

Removing the first segment of h is permitted only when 7r(/i) = and when 
d{h) = e so that the 0th vertex of h is scoring. We specify that e{h') = 1 — e so 
that the pre-segment of h' is in the same direction as the first segment of h. Let 
a' ^ hi. Then, on setting e' = 1 — e, we obtain h' G V^l^ ^, j{L — 1) with h'^ ~ hi+i 
for < i < i - 1. 

Lemma 6.7. Let I < a,b < p' and eje {0, 1}. For L > 0, let h e Vaf^eji^) 

such that d{h) — e and 7r(/i) = 0, and let h' £ V^l'^f, f{L') be obtained from h by 

the above process of path truncation. If A ^ a — a' then A = (^l)*^ ; e = 1 — e', 
and 

• L' = L-1; 

• m{h') = m{h); 

• wt{h') = wt{h)-^{L-m{h) + Af]{h)). 
In add-on, a^F, = a^^ + ^ PaL' J = ^Lf + ^- 

Proof: That A — (— 1)*^ and e = 1 — e' and L' — L — 1 are immediate from the defini- 
tion. Let /i have striking sequence ( '^^ . Ifai+5i > 2 and the first 

vertex of h is non-scoring, then h' has striking sequence ( ""^^ j 
and 7r(/i') = 0. If ai + 6i > 2 and the first vertex of h is scoring, then h' has strik- 
ing sequence (^^^''^_^ ^ [[[ "'^^ "'^^'^^ and 7r(/i') = I. If ai + foi = I, then h' has 

striking sequence ( ''' ^' j and 7r(/i') = 0. In each case. Lemma 

gives wt{h') — wt{h) — (62 + 64 + • • • )i whereupon, since /3(/i) = — A((6i -I-63 -I- ■ • • ) — 

(62 + ^4 H )), we obtain wt{h') = wt(/i) - \{L{h) - to(/i) -t- A/3{h)). Also when 

L > 1, we immediately see that m{h') = m{h) in each case. For L = 1, it is readily 
verified that if e 7^ / then m{h) = m{h') = 0, and if e = / then m{h) = m{h') = 1. 

That a^ff, — a^'^ +A is immediate. Since TT{h) = 0, we have [a'p/p'\ = [ap/p'\. 
Then Plf^^^,^ = [bp/p'\ - [a'p/p'\ + / - e' = [bp/p'\ - [ap/p'\ + / - e + (1 - 2e') = 
f^a'b e / + required. □ 

Lemma 6.8. Let 1 < a,a' ,b < p' and e, / G {0,1} with a — a' = —(—1)'^ and 
^a,e =0- Set A ^ a - a' and e' = 1 - e. If d^ > 0, let fi*^i^ ^ a' and ^^l = a + A. 
If d^ = 0, restrict <oaG{l,p' — 1}. Then fi, fi* jV^v* are a mazy-four sandwiching 
(a',b), and if L > then: 



where (3 = f3ale,f 

In addmon, a^f', = + A, pPf;^^^,^ = /^p^^^ + A and [a'p/p'\ = L«P/p'J- 
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Proof: If > then since a is strictly between fi^L and fi^L , and a' ^ /ijjt and 
a' l^-I^L, it follows that a' is strictly between fj,^L and /iji,- Thus f* are 

a mazy-four sandwiching (a', b). 

Let ft. G V^'J^'^^jiL + l, to) I J;^.:^. |. First consider > 0. Since fx^L = a+A and 

A = ±1, and since h attains /i^t before any fidi-, then necessarily hi = a — A = a' . 
Then, on removing the first segment of h, we obtain a path h' for which, via Lemma 

16.71 h' e V^j'^fj g, to) I |- Clearly, each h' in this latter set arises this way. 

If — 0, the same argument may be used after replacing /i^jt by (resp. p') when 
a = 1 (resp. p' — 1) and necessarily A = — 1 (resp. + 1). The lemma then follows 
on using the expression for wt(h') given in Lemma |6.7I and (3{h) — ^ from 

Lemma 12.81 

The final statement follows from Lemma 16.71 and noting that S^'^ — and 
a' — a + {—ly implies that [a'p/p'\ — [ap/p'J. □ 
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7. Generating the fermionic expressions 

In this section, we prove the core result of this work: namely, for certain vectors 
and u^, we precisely specify a subset of the set of paths "P^ h'c('^o) for which 
F{u^ ,u^,mo) is the generating function. Throughout this section, we fix a pair 
p,p' of coprime integers with 1 < p < p' , and employ the notation of Sections ll.3l 
[QllQlirni and lTT^ We assume that t > so that (only) the case = (1, 2) 

is not considered hereafter. 



7.1. Runs and the core result. For c? > 1, we refer to a set {tj, aj, Aj}'j^^ as a 
run if Ti = < + 1 , each Aj = ± 1 , 

(7.1) < (Jd < Td < (7d~l < Td~-l < ■ ■ ■ < a2 < T2 < <7l < t, 

and 

(7.2) Tj = (Tj =^ Aj = Aj+i and 2 < j < d. 

For < i <t, define r](i) to be such that T^(i)+i < i < where we set t^+i = 0. 
In addition, we define 



(7.3) 



if CTi < i„; 

1 if (Jl > tn- 



In what follows, superscripts L or R (to designate left or right) may be appended 
to the quantities defined above. 

Given a run = {Tj" , Aj'}^^^, we define values a, e, t-dimensional vectors 

, A.^ , and (d^ — c?g )-dimensional vectors fJ-^fJ,*- 

Define: 



m=2 



if Af = -1; 
p' ~ if A{ = +1. 



Define e e {0, 1} to be such that: 



ifa,\>0, 

where = ({ct^l)- 

Define ^-dimensional vectors and as follows (c.f. (|1.21(l and (|1.24|l ): 



m— 1 



ifAf = -l; 

et ifAf^+l; 

ifAf = -l; 

et ifAf' = +l. 



Note that A^ are not the components of A'^. 
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Define values {/^j,A'j}j=o ^ follows: 

/ if Af = -1; 

^'~\ p'-^u. if Af = +1; 



Mo 



ifAf^-l; 
p' if Af = +1; 



m=2 




if Af 

if Af = +1; 



for 1 < j < d^. The (d^ — dp )-diniensional vectors fi and fi* are defined by 
M (Md^, ■ • ■ and /x* = ■ • . 

In a totally analogous way, a run — {rp, a^, Aj^}^^^, is used to define values 
b, /, {vj, , i-dimensional vectors it^, A^, and (d^—d^)-dimensional vectors 

In view of (|7.1|l . we see that fi, fi* satisfy the three criteria for being a 
mazy-four in the (p,p')-niodel sandwiching (a, 6). That they are in fact interfacial 
will be established later Their neighbouring odd bands will be seen to be specified 
by the values {p,j, M*}j^o ^ and }^^o ^, where we define: 

kt„ if Af = -1; 



Mo 



Mo 



p-Kt„ ifAf = +l; 

ifAf' = -l; 

p ifAf'=+l; 




m=2 [ ^ cr^ 1 I I 



Mj ==Mj +Aj^+l'«r/'+,, 



for 1 < j < d^, with {I'j, j^^lj^o ^ defined analogously. 

Finally, note that = A{X^) and A''^ = A.{X^'), and use the procedure given 
in Section H. 101 to calculate 7' and well as {a^ , a", /?", 7^, 7^, 7"}*^q. 

A run {tj, CTj, Aj j^^j^ is said to be naive when if either 1 < j < d, or 1 = j < d 
and CTi < <„, then 

Aj+i = Aj ^ Tj-+i = tc(<Tj-i)' 

Aj + l 7^ Aj =^ Tj-+l = <<;(crj); 

and if d > 1 and cti > i„ then 

A2 = Ai =^ T2 = tn-l, 

A2 7^ Ai and c„_i > 1 =^ T2 = t„ - 1, 
A2 / Ai and c„_i = 1 =^ r2 = i„_2- 

Note that if {Tj,aj, Aj}j^^ is a naive run then for 1 < j < d, there exists (at least 
one value) k such that Tj+i <tk< <Jj- 
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Later, in Section |H1 we show that the values {Tj,aj,Aj}j^i that are obtained 
from each leaf node of a Takahashi tree as described in Section IlTI provide a naive 
run. 

The core result is the following: 

Theorem 7.1. Let p' > 2p, and let both = {rj" , , A'f]f^^ and = 
{Tj^, crj^, Aj^}^^]^ be naive runs. If rriQ = b~a (mod2) then: 

We prove this result in the following sections. The strategy for the proof is 
simple: we begin with the trivial generating functions for the (1, 3)-model stated in 
Lemma [2. 61 ^*^ and for i = i — 1, i — 2, . . . , 1, apply a S-transform if i ^ tk for all fc, 
and apply a ,B2?-transform if i = tk for some k. If (it^)i = —1 (resp. +1), we follow 
the transform with path extension (resp. truncation) on the left. If {u^)i = — 1 
(resp. +1), we follow with path extension (resp. truncation) on the right. This 
process is carried out in Lemma 17.111 to yield, in Corollarv l7.K^I an expression for 

Xa'b e /('^Oj wi) I J^*'^* } J for Certain values of mi. Then, at the end of Sect ion [Till 
a final sum over mi is performed to prove Theorem l7.1l 

In Section 17.41 we transfer our result across to generating functions in terms 
of the original weighting function of H2.5|) . In this way, for a specific c, we will 

have identified a subset of 'Pa'b d-^) ^'^^ which the generating function is precisely 
F{u^,u^',L). 

We actually first prove an analogue of Thcorcm l7. ll involving reduced runs instead 
of naive runs, where a run {Tj, aj, Aj}j^-^ is said to be reduced if: 

(7.4) Q<ad<Td< dd-l < Td-l <■■■ <(J2<T2<(Jl<t, 

and if d > 1 then 

1. CTi > tn and A2 ~ Ai T2 = tk for \ < k < n — \; 

2. (Ti > tn and A2 ^ Ai and c„_i > 1 

==f- T2 = t„ — 1 or T2 = tk for 1 < fc < n — 1; 

3. (Ti > tn and A2 7^ Ai and c„_i = 1 

T2 = tk for 1 < fc < 71 — 2; 

4. (Ti < tn and A2 = Ai =^ r2 = for 1 < fc < C(cri - 1); 

5. (Ti < tn and A2 ^ Ai =^ r2 = <a; for 1 < fc < C(cri), 

and if 1 < j < d then 

6. Aj+i = Aj Tj+i = tfc for 1 < fc < ({o-j - 1); 

7. A,+i^Aj =^ r,+i =ife for 1 < fc < C(fTj). 
The following result is immediately obtained: 

Lemma 7.2. Let {Tj , aj , Aj}j^^ be a run, and let the run {rj, cr^-, A^ j^^j^ be ob- 
tained from it by removing each triple {Tj , aj , Aj } whenever Tj — aj . Naturally 
d' < d. If {Tj,aj, AjYj^^ is a naive run then {rj, cr^, A^ j^^j^ is a reduced run. 

^"^It is actually possible to start with Xi'i oC^' application of a single B-transform yields 

the results of Lemma ^2. 61 We don't do this in order to avoid a further increase in the notational 
complexities in the main induction proof. 
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Proof: A routine verification. □ 

The reduced run {'^ji "^ji ^j}j=i identified in the above lemma will be referred to 
as the reduced run corresponding to the run {tj, o-j, Aj}^^^. 

Lemma 7.3. Let {tj , aj , Aj}j^i be a naive run and {r'^a'j, A^}^^]^ the correspond- 
ing reduced run. Let do < j < d. If t'^j^i = tk for some k and Cfe = 1 then: 

1. a'j=tk+i =^ ^'j+i^^P 

2. a^^tk+i + i =^ a;.+i = a;.; 

3. a'j > tk+i + 1 =^ cr'j > tk+2- 

Proof: We have tk+i = tfe + 1 and rj^j^ < (j'j < rj. Let J and J' be such that 
Tj+i = t!i_^_^ and a J' = a'j. Then J' < J and at = Ti for J' < i < J . Moreover, 
Aj/+i = Aj'+2 = • • • = A J = Aj+i. First note that aj = tj = tk+i is forbidden 
here since Aj = Aj+i would then dictate that tj+i = f^(CTj-i) < thereby 
contradicting the specified value of tj+i = rj_|_j^ = tk- 

Now consider the case a'j = tk+i- Necessarily J' = J. Then A^^^ = Aj is 
excluded since this would also imply that tj+i = ^(^(ctj-i) < tk- 

Now consider the case a'j = tk-\-i + 1- Since cj — tj = tk+i is forbidden then 
we again have J' = J. Here we exclude A^_|_j A'j since this would imply that 
Aj+i ^ A J and then rj+i = = = tk+i- 

Finally consider the case <Tj > tk+i + 1. Here J' < J because if J' = J then 
rj+i = i^(cr^) > ife+i or rj+i = ic(cr^-i) ^ ^k+i- Therefore aj = tj and Aj = 
Aj+i. If a J > tk+i + 1 then t-_,_i = rj+i = ic(<^j-i) ^ Therefore, since 

CTj = tfc+i is forbidden, we conclude that aj = tk+i + 1- So rj = tk+i + 1- But 
either tj = for some k' , oi tj = tn — J = 2 and cii > In the former case, 
necessarily k' = k + 2 (and thus Ck+i = 1), whereupon a'j = aji > cfj = tj = tk+2-, 
as required. In the latter case, necessarily n > k -\- 2 and J' = j = 1. Then 
a[ = ai > tn > tk+2 as required. □ 

Now note that the quantities a, e, u^, and (resp. b, f and A^) obtained 
from a run {tj" ,aj , A^-jj^-^ (resp. {r^^, ct^, Aj^}^^^) arc equal to those obtained 

from the corresponding reduced run {rj"', cr^', Aj"'}^^'^ (resp. {rp' , crj^', Aj^'}^"';^). 

The following lemma shows that the generating function is unchanged on replac- 
ing naive runs with their corresponding reduced runs. 

Lemma 7.4. Let {r^^, crj', A^}^^^ and {r^^, cr^, Aj*}^"^ be naive runs, and let 

{t^j, l-ij}j=o^ and be obtained from these as above. 

Then let {t^' ,af' , Af'}'^^-^ and {tP' ,a^' , Af'j'j^-^ be the corresponding reduced 

runs, and let {/z^-, /z*'}^^g"^ and {'^j,i^j'}'j=Q~^ be obtained from these as above. 
Then: 

-p,p' I I Mdf > Ml: • • • > Md^-i! '^dj) I'll ■ • • ) I 

Xa,6,e,/l"^0i 1 „* ,,* ,,* . ,,* ,,* ( 

Afrfi, • • • ) Mdi-i. '^dRj • • • ) ^d^-l J 
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Proof: Let j be the smaUest value for which rj" — '^f ■ If such a value exists, 
then necessarily 2 < j < d'" and Aj" — ^f+i- From the definitions, we see that 
^* — Thus, by Lemma [5.61 



■ ; ^dg^j vi, . . . , Vdii-i I 



By recursively applying this process, and doing likewise for any j for which t^^ ~ cr^, 
we obtain the required result. □ 

Thus, to prove Theorem lT. ll for a pair of arbitrary naive runs, it is only necessary 
to prove it for the corresponding reduced runs. This is what will be done. 

7.2. Induction parameters. In this and the following Section 17.31 we assume 
that p' > 2p. We also fix a pair {r^^, crj", Af}'^^-^, {rp, crj^, A^}'^"^^ of reduced runs. 
In our main induction fLemma l7.11|) . we will for i = t — l,t — 2, . . . ,0, step through 
a sequence of (p^*-',p^*^')-models, constructing the generating function for a certain 
set of paths at each stage. In this section, we define various sets of parameters that 
pertain to those sets of paths, and identify some basic relationships between them. 

Firstly, for < i < i, let k{i) be such that tk{i) < i < (i.e. k{i) = C{i + 1)), 

and define p*^*^ and p^^'^' to be the positive coprime integers for which p^'^'/p'*^ has 
continued fraction [tk{i)+i + 1 — i, Cfc(i)_|_i, . . . , c„]. Thus has rank i^*) where 

we set i^*) — t — i. As in Section [T31 we obtain Takahashi lengths {n^j'^jf^Q and 
truncated Takahashi lengths {'^j'^'ljllo ^'^^ p'-'-'V-P^*^- 
Lemma 7.5. Let 1 < i < t. If i t^-^ then: 



If i = tk{i) then: 





-1)' 












-1) 










{i- 


-1) 






(1 < J < t"^'- 


-^)); 




-1) 


- 




(1 < J < tS'- 


-^))- 




-1)' 












-1) 


= - 










-1) 




'^3-1 


{2<j< 


-^') 


'^0 


-1) 






{2<j< 





froo/; If i ^ then - 1) = k{i). Then p^'^'/p^''^ and have 
continued fractions [tfc(i) + I - i, Ck(i)+i, . . . , c„] and [ife(i) + 2 - i, Cfe(i)+i, . . . , c„] 
respectively. That = and p''^^^ = p^*) follows immediately. The 

expressions for k^* and /tj* then follow from Lemma lE. II 

If i = tk(i) then k{i - 1) = - 1. Then p^'^'/pf*) and p(»-i)7p(»"i) have con- 
tinued fractions [ck{i) + 1, Cfe(i)+i, . . . , c„] and [2, Cfe(i), Cfe(i)+i, . . . , c„] respectively. 



68 



TREVOR WELSH 



That p('-i)' ^ 2p(*)' -p(') and p('-i) = - follows immediately. The ex- 



pressions for and then follow from combining Lemma lE.2l with Lemma 



□ 



For < i < i, we now define e('\ G {0,1}. With k^{i) such that ifct(i) < 



o'^t(,j) <i ifci(i)+i, define e^*' such that: 



(7.5) 



-1)' 



if z > cr\ / ^; 



and with /c-'^(z) such that tfeH(j) < cr^k/^) < ifeH(i)+i, define /'■*•' such that 



(7.6) 



-(-!)/'" ifi> 



We now define what will be the starting and ending points of the paths that we 
consider at the ith induction step. For < i < t, define: 



m— 2 m— 1 



if = -1 and i > a^L(^,^ 



if = -1 and i < a^r.(^^y, 

E 



m— 2 m— 1 

if Af = +1 and i > a^^Li^y, 



+ E A^-S-^ - E A™-S 

m— 2 m— 1 



if Af = +1 and i < cr^i 
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6« = 



m=2 m=l 

if Af = -landi>a^H(^); 

,7«(i) r,«(i) 
m—2 m=l 

if Af = -landi<c7^H(i); 
(i)/_AJJ . a^kW _ \^ A^kW 



m=2 



m=l 



if Af = +landi>a^H(i); 



m=2 



m=l 



if Af = +1 and i < a^i 



We now define what will be the starting and ending points of certain intermediate 
paths that we consider at the ith induction step. For 1 <i <t, define: 



A^.(,)(l + (5i,t,(J+ ^ A^« 



ri;-i+l 



1=2 



- E 

m=l 

if Af = -1 and i > a^i.^.); 



^=2 



if Af = -1 and i < a^^L^iy, 



m=2 m=l 

if A[ = +1 and i > 



+ ^ A 



m=2 m=l 



if Af = +1 and i < a^^L^^. 
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Similarly, for 1 < i < t define: 



m=2 



r,«(i) 



r,«(i) 



i+1 



m=l 



m=l 



if Af = -landi>a^*H(,); 



if Af = -1 and i < a^H(i); 

r,«(i)-l 



i+1 



^=2 



if Af = +1 and i > a^n^i^; 



m=2 m=l 



+ 1 



if Af = +1 and i < a^f 



We now define values that will turn out to be [a^^^p^^^ /p*-*''J and /p*-*''J • For 

< i < define: 



m=2 



m=l 



m=2 



if Af = -1 and i > 0^^^^^; 



if Af = -1 and i < (j^l^^; 



r,^(»)-l 



m=2 



r,^(i) 



m=l 



if Af = +1 and i > uI^l^^; 



P« - e« + 1: A^K 



L _ 



ro=2 



m=l 



if Af = +1 and i < a!^L(^iy 
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Similarly, for < * < ^ define: 



m=2 



if Af = -1 and i > CT,fR(,); 



m=l 



^« - + E 



if Af = -1 and i < a^R^.y, 



if Af = +1 and i > 



p« - /W + ^ A^4|_^ - E A^4. 



m=2 



Lemma 7.6. Let 1 < i < t. Then: 



if A 



-1 and i < CT^R(^). 



and 



Proof: These results follow immediately from Lemma 17.51 



□ 



Lemma 7.7. Let 1 < i < t, t]^ = ri^{i) and rj^ = 77^(2). Then: 

f aW' + A^.^, */* = r,fi+i; 

«/ « > cr^ and z = t^^^) ; 



and 



a(^)' + A^, 
a(^)' - A^, 



«/ « = CT^i, and i ^ tk{t) ] 
otherwise, 



+ A^n if I > a^n and i = t^,) ; 
6W'-A«H if t = a^'n and i ^ tki^y, 



otherwise. 



Proof: In the case i = t^l^^, we have i < a^^, (J^l^^ < i - 1 < t^lj^^ and 
- 1) + 1. Then, since = 2, we obtain a^'^i' = a'^)' + A^^.^^. 

For cr^i, < i < T^i, then manifestly o(*~i' = a^^' + A^i(5,,t,(,, . 
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In the case i = cr^i,, we have t^^j^^ < i — 1 < a^^. Since kJ*^^'' = 2, we 
immediately obtain a^'"^) = a^'^' + A^i(-1 + (Jj,*^,,,). 

Finally, for t^^^^ < i < a^^, we immediately see that a^^^^'> = a^*)'. 

The expressions for fo^*^^) are obtained in precisely the same way. □ 



Lemma 7.8. Let I <i <t, -q^ = ri^{i) and rj^ = Then: 

ifi 7^ tk{i),i = T^L+i and e^'^^^ = e^; 
'if i tk(i) otherwise; 
ifi = tk{i),i^ T^i+i and e^^^^^ e^; 
if i ^ tk(i) otherwise, 

«/*7^<feW,« = rf«+i and 
j/ * 7^ ^fc(i) otherwise; 
ifi = tk(,v„i = T^n+^ and f^'-^) ^ f^^- 
if i = tm'j otherwise. 

Proof: First consider i ^ tfc(i), so that k^* = fo'" 1 ^ i ^ t*^*^^^ by Lemma 
1731 

In the subcase i — '^^l^i, we have i < (t^l and o'^l^i < i~l < ^,^^+1 and 77^(1 — 

1) = f]^ + l. Then, since kJ'"^^ = 1, we have -5^ = -e(*~i) + A^i_^^ + e'^^. 

The e*-*-* — e^*"^-* case follows immediately and the e*-*-* = 1 — e*^*^^^ case follows 
on using A^j^^^ = 2e^*~^^ — 1, which is verified immediately from the definition of 

In the subcase i — a\ , since = 1, we have d^''~^^ — a'^'-' — —e^^^^^ — A^, + 

e(*) = because e^^^^' = 1 - e'*) and A.^,, = 2e(') - 1. 

For (t\ < i < r^r and i < ah, we see that e'^*^"'^' = e*^*-', whence 

Now when i — t^ij. Lemma IV.SI gives k^^ — — foi' 2 < j < t^'^-'^^. 

In the subcase i — t^l^i, since k^* = 1, we have d^^^^'^ — a^*^ + 1 + fi'^'-' = 
_g(»-i) -I- 1 + A^i_|_^ — e'*^. The e*^*) = 1 — e'*"^) case follows immediately and the 
e(«) — e'^'^^^ case follows on using A^^.^^^ = 26*^*^^^ — 1. 

In the subcase i = <t^l, since k'{^^'' = 1, we have 0.'-*^"'^^ — a*-*-* + 1 + a*^*-' = 
_e(*-i) + A,^^ + 1 - e('') - A,^^ = because e'^'-^^ = 1 - e^^ . 

For r^\^^ < i < cr^^ , we obtain a(*~i' - a(*) + 1 + 5'^) = -e^^^^) - e(*) + 1 0, 
since here k{i — 1) = k{i) — 1 implies that e'^*^-'^' = 1 — eS^\ 

For cr^^ < i < r^^^, we obtain a(^-i)-aW + l + aW = -e(^~i)+A^i, -e^ + l = 0, 
since here e^'-^^ = e(*) and A\ = 2e(') - 1. 

The expressions for are obtained in precisely the same way. □ 



= < 



and 



5(») „ 1 „ 
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For 1 < j < and < i < r^^i (so that j < ri^{i)), define: 



K 



1=2 



if Af = -1; 
if Af = +1; 



and foTC < i < tn, define: 



(»)* 
Mo 





if Af 


= -1; 




if Af 


= +1, 





if Af 


= -1; 


pii)> 


if Af 


= +1. 



Mo = 

We also set (i) = if both i < tn and erf < and rfg (i) = 1 otherwise. For 

< i < t, we define the (?7^(j) — c^q (j))-dimensional vectors /i^'-* and /x^*^*, and the 
{r]^{i + 1) — (ig (* + l))-dimcnsional vectors /xj.*-* and /xj-*-** by: 

(i) / (i) (j) \ (i)* / (i)* (j)* \ 

'^T ~ VMdi.(i+i), • • • M| - VMdI.(i+l)^•••^M^J:.(i+l)_lj• 

For 1 < j < and < i < Tj^i (so that j < ri^{i)), define: 

c« ifAf = -l; 



m=2 



P^'^' - if Af = +1; 



,,(0 _ ,.(^)* , A K 



and for < i < define: 
,,W* - 



i/Q — 



ifAf = -l; 
ifAf = +1, 

if Af = -1; 

p^'^' if Af = +1. 



We also set d§{i) = if both i < tn and erf < t„, and (io'(i) = 1 otherwise. For 
< i < t, we define the {r]^{i) — df (z))-diniensional vectors 1^^*^ and i^'*'*, and the 
{r)^{i + 1) — dQ-{i + l))-diniensional vectors u^^^ and u^^^* by: 

(i) / (j) (i) N (i)* _ / (i)* (i)* \ 

^1 ~ y^d§{i+l)'---''^r,^{i+l)-l)' ^] ~ '>'^<(^+l)'•■•'^»)«(i+l)-l^ 

(The parentheses that dchmit , , nf* , i^^'^ , uf* will 

be dropped when these symbols are incorporated into the notation for the path 
generating functions.) 
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Lemma 7.9. Let 1 < j < . Then: 

A^r^^ =a«' + (l + 5MMo)^iVi *f* = ^i^i- 



(i- 
Mo 


-1)* 


= a(- 


-1) 










Mo 


-1)* 


= a(- 


■1) 




1) 




< i < t„; 


(i- 

Mo 


-1)* 


= a(- 


■1) 




2) 




-1^ 


(i- 

Mo 


-1) 


= a(- 


-1) 


+ Af 






< i < i„; 


(i- 

Mo 


-1) 


= 








ifi = 





^(-1) =5W' + (i+5,,,^^Ja;+i */^ = af+l. 

// crf^ < tn then: 



'^0 



(^-1) +Af */af<z<t„; 

^(-1) =6W' + (H-5,. )Af z/z = af. 



Proof: The first four expressions follow immediately from the definitions after not- 
ing that crj"^-^ < « < '''j+i iniplies that r/^{i — 1) = j + I (and using =2). 
The fifth is immediate. The next five follow from the definitions after noting that 
(Ji < i < tn implies that ri^{i — 1) = 1. The other expressions follow similarly. □ 

Using (|7.4() . it is easily verified that /x^, /x'*)*, satisfy the first three 

criteria for being a mazy- four in the (p*-*-* ,p^*^')-model sandwiching (a^*\ &^'^). That 
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they satisfy the fourth criterion is most readily determined during the main in- 
duction. However, the burden will be lessened by, for 1 < j < and i < r^^^, 
defining: 



~(i)* 



m=2 



if Af' = -1; 
if Af = +1; 



/4 



for 1 < j < and i < Tj^i, defining: 

i 



a=2 



if Af = -1; 
if Af = +1; 



and for < i < i„, defining: 



Mo = 



Mo = 



if Af = -1: 
if Af = +1: 

if Af = -1: 
if Af = +1 

if Af = -1 
if Af = +1 

if Af = -1 
if Af = +1 



Lemma 7.10. Let < j < d^ with <i < rf^-^ if j > 0, and <i <tn if j = 0. 
If i tk{i) then: 



(i-l)* 



Mj -Mj , 



-(i-l)* 



Mi 



2m?-m?; 



M- =2m- -m- ; 



r,(«-i) 



M 



r,W. 



-(i— 1)* (i)* -(i)* 

= - M} • 



Lei Q < j <d^ with < i < r^^i j > 0, and < i < t„ if j = 0. Ifi^ tk(i) 
then: 



(i— 1)* (i)* , 

3 J J ' 



3 3 ' 
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and if i = tk(i) then: 

Proof: These results follow readily from Lemma □ 

For each t-dimensional vector u — (ui, U2, • ■ • , ut), define the {t — f )-dimensional 
vector u('''*=) = (uf . . . , uj'^i^) by 



(7.7) 



(b,fc) _ f if tfc' < « < tk'+i, k' ^ k (mod 2); 
\ Ui if tk' < i < tk'+i, k' ^ k (mod 2), 

and the {t - l)-dimensional vector = (m^'''^\ . . . ^u'fl'l') by 

_ f if tk' <i< tk'+i, k' = k (mod 2); 

^ ■ ' " \ if tfc, < i < A;' ^ fc (mod 2), 

For convenience, we sometimes write tt(i, k) instead of u'^^'^\ and tt(jj instead of 
Now for < i < t — 3, define: 



(7.9) 



2 \ 

rrii 



X n 

With (Qi, Q2, ■ ■ ■ , Qt~i) — Q{u^ + u^) as defined in Section Fl. 121 the sum here is 
to be taken over all (771^+2, m-j+3, • ■ • , mt-i) = iQi+2,Qi+3, • ■ • , Qt-i)- The {t - 1)- 
dimensional m^'^ = (0, . . . , 0, nii^i, "T-j+a, • ■ • , Wt_i) has its first i compo- 

nents equal to zero. The t-dimensional m'-'' = (0, . . . , 0, nii, m^+i, TOi+2, . ■ . , Jrit-i) 
has its first i components equal to zero. The matrix C is as defined in Section 
11.111 We define F^*~'^\u^ , , mt-2, "mt-i] q) using (|7.9|l . but with the summation 
omitted from the right side. 
We also define: 

(7.10) F(*-i)(M^,M^-,mt_i,mt;g) = gi^J-i+i^^i J„^^ 

For convenience, we also set Qt — 0. 

By LemmaEHl - 9""" Then since C+i^, = -1, it follows 

that for < i < t - 2: 



(7.11) 



El^(i+l)r^- (i+l)_i„2_l, I, , R Vrr.<»)-i'v" 



n 

j=i+i 
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where, as above, the sum is taken over all (mi+2, nii+s, . . . , mt-i) = {Qi+2, Qi+3, 
. . . , Qt-i), except in the i = t — 2 case where the summation is omitted. Of course, 
we also have: 

(7.12) F(*-i)(tx^,ti^,mt_i,mt;g-i) =g-^™*--^^"-5„„o. 
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7.3. The induction. In this section, wc bring togetlier tlie results on tlie B- 
transform fCorollarv l5.8|l . tlie P-transform fCorollarv l5.10|l . path extension (Lem- 
mas |^| and , and path truncation (Lemmas 15.81 and 16. to obtain Theorem 
17. II by means of a huge induction proof. 

Throughout this section, we restrict consideration to the cases for which p' > 2p. 
We fix runs = {rf A f-j^^i and = {rf , gf , Af jg^ and make use of 
the definitions of Section TTTI Except in the final Corollary 17.141 these runs will 
be assumed to be reduced and the definitions of Section FT^ will be used. We also 
make use of the results of Appendices and ^ For typographical conyenience, we 
abbreviate pP* ''^^ ' (defined in Section to p'^'-\ 

Lemma 7.11. Let <i <t. If rrii = Qi and mi+i = Qi+i then: 
In addition, 

^a(i),6(»),e(»),/(>) — l-'f 

• */ '^a(») 'e(') ~ ^ then i + I = Tj" for some j and l^-^^li — a^*^ — (^1)'^' 

• '/(») ~ ^ then i + I = for some j and vfL^ — b^^'^ — (—1)-^* 

• if there exists j and k for which t^ < i and r^^j^ < * < ife+i < then 

a'*-' is interfacial in the {p'^^\p^^^')-model. 

If tk < * CLnd Tj'^i < j < tk+i < (jf and a^'' is not interfacial in the 
{p(^)^pi'0').rnodel then r/- + 1; 

• if there exists j and k for which tk < i and Tj^^ < i < tk+i < then 

6'*-' is interfacial in the (j)^^^ ,p^^^'^-model. 

If tk <i and Tj^^ < i < tfc+i < crj' o-nd 6^*^ is not interfacial in the 
{p(^\p(^)')-modd then = + 1; 

• /x'*' , /x^'-**, i/^'-* ,1/^'^* are an interfacial mazy-four in the 

(^p('^\ p(^^yy model sandwiching (a^*\ fe*^*-*); 
. // 4(z) < J < (z) then (^f *) = ftf* and p(^) (^f ) = ; 
ifd^ii) <j< Tj^ii) then f^(vf*) = vf* and p^'^ivf) = vf. 

Proof: This is proyed by downward induction. For i = < — 1, we haye i > in, * > erf 
and z > erf , and consequently, dp (i) = rfo^(*) = 1 and r]^{i) — r]^{i) = 1. The 
definitions of SectionOthen yield = 3, = 1, andif Af = -Ithena^ = 1, 
e(') = and {A% = 0; and if Af = +1 then = 2, e'-'^ = 1 and (A^)f = -1. 
Similarly, if Af = -1 then = 1, = and {A% = 0; and if Af = +1 
then — 2, — 1 and {A.^)t = —1. In particular, we now immediately obtain 
Sl^^i'P^^' = 0. Via Section inni we obtain a'/.^ = = {A^)t - {A% and 
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7"_]^ = — ((A^)i — {A.^')t)'^. For i = t — I, the first statement of our induction 
proposition is now seen to fiold via Lemma [2.61 Each of the bulleted items follows 
readily. 

Now assume the result holds for a particular i with 1 < i < t. Let k = k{i) so 
that tk < i < tk+i; and let rj^ = ri^{i) and rj^ — rj^ (i) so that T^t-|_i < i < t^^l and 
Tr,R+i < i < T,jR. We also set 77^' = rj^{i - 1) and r]^' = ri^{i - 1). Then r]^' = rj^ 
unless i = +1 which case 77^' = 77-^ + 1; and ry^' = Ty-'^ unless i = t^r^i in 
which case 77^' = r;^ + L 

First consider the case i tk- Equation 11.27|l gives = a", Pi — (3[ and 
7i = 7". Let ?7^i_l = Qi-i- On setting M = mi_i + + itf-, equations 11.30|l . 
(|1.32|l and H1.33() imply that M = Qi+i- Then, use of the induction hypothesis and 
Lemmas EHl ESI EH and 171111 yields: 



Xa(>)',bW',e('),/(')l*^'"^»^ \ ,,(i-l)*.„(i-l)* 



i(M + m,+i) 



F(')(M^,^t^,?7^,,TOi+l). 



Lemma l^l^ also gives Q!^(i), jj(f)/ ~ cti+Pi^ and /3^(i), ^(fj, ^(i) = Lemma RllI 
implies, via Lemma FTHl that [a^"^' p^^~^^ / p^^-^^' \ = a(*) and [6(»)'p(»-i)/p(*-i)'J = 
fe^*^ Lemma [C.ll also implies that <5^(i), ^(f) = <5^(i), ^(f) = 0. Lemma [5.81 
also shows that /xj* , /xj* "'^■'*, , i/^* "'^■'* are an interfacial mazy-four in 

the (p^*~^\p^*~^)')-model sandwiching (a*^*^', 6^*^'). Together with Lemma [(].4f l') . 
Lemma {Tim also shows that p^'-^\^l^^~^'^*) = jj^j'^* and p^'-^\^i['~^'') = /i^*"^^ 
for < J < 77^(z), and that p^^-^) (z^f ~'^*) = uf'^^* and = 

for d^{i) <j< r^^ii). 

Since M = rrii^i + + on noting that tk < i < tfe+i, we have: 

M + m,+i = 2m, - (C*m(*"^' - tt^ - u^)i, 

and 

m(''+^^'^Cm(*+^) + - 2m,m,+i + (M - m^f 
= m''''^^Cm^'^ + AP - 2Mm, 

= rh^'^^ Crh}-'^ + m^_^ - 2mimi-i + 2(mi_i - mi){uf + uf) + {uf + uf)^. 
(In the case i = t — 1, we require this expression after substituting rrit — 0.) Thence, 

[Ml ,»^| J 



t-1 



i(C*m 



where the sum is over all (mj+i, ?7ij+2, . . . ,TOt_i) = (Qj+i, (3i+2, ■ • ■ , Qt-i)- 
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We now check that we can apply Lemma |6.6I ("for path truncation on the right) 
ii i = cr^R, and Lemma 16.21 (for path extension on the right) ii i ^ t^r^i- 

li i = a^R then wf- = 1, and we see that = —(—1)-'^* * = (^1)''^* ' from 
(ESI), and 6(^-1) = A^^ from LemmalTTI Also note that ry^' = tj" . If 77^ > 1 

or both 77^ = 1 and crf^ < t„ then Lemma [7.91 implies that '^I^r1\ = + A^^ and 
b'-'-^l Otherwise, when i = > t„ then G - 1} from the 

definition. 

If i = '''jpi+i (when necessarily 77^ < d^) then uf = —1 and 77^' = rj^ + 1. We 
see that A^«, = -(-l)/(*-i) from (|721) and fe^'^i) = 6('')' + A,^:„, via LemmalTTI 
In addition. Lemma O gives = ^^'"^^ - A^„, and t-^^V^^ = + A^«,. 

The definition of a reduced run implies that this case, i — t^r_i_i and i ^ tk, only 
occurs when < in — 1 = = i < tn < cr{^. The induction hypothesis then 
implies that b^^^ is interfacial in the (p('),p'^*)')-model and S^^J^'^IJ^ = 0. Thereupon, 
by Lemma IC.ll b^'^' is interfacial in the (p(*~^',p'^*~^^')-model. Also note that 
^oii) = 1 and so ivj-' — i/'j' ^■'* = here. 

Then, using Lemma l(). 61 if i = cr^a, or Lemma 16.21 if i = t^^-^, yields: 



X 



a(-)',b('-i),e(') ,/(•-!) + '"^V S U-l)*, ,,(;-!) 



^ ^-inf(m.-l+uf+«f-A;'«,(a,+/3.)) 



noting that ^^(j) = d^(7 — 1) because i ^ tn- If neither i = cr^^j, nor i = T^+i 
then (noting that i ^ tk) uf = 0, Z^*"^-' = from H7.6|l and, via Lemma 17.71 
^ ^(^)/^ The preceding expression thus also holds (trivially) in this case. 

Note that = 1 only in the case i = t^j^^, when v'"''r,^\ — 6'*^-^^ — 

Lemmas 16.61 and Lemma l6 . 21 also imply that: 

<(.)', if- 1) ' = a, + A - A^H, ; 

^ f + A^„, if 7 = r^^.+^ and /(^) = /(^-D; 
-I 1 6^*'' otherwise. 

They also imply that /i.^* , fj.^^ ^'*^ , are a mazy-four sandwiching 

(a*^*'', 6'*^^)). That they are actually interfacial follows if in the i = t^r^i case, 
we show that j/'-V^''* and 7^^*„ are interfacial. From above, i^^n ^•'* = fo*-*^' is 
interfacial. That is interfacial will be established below. 

y^R 
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We now check that we can apply Lemma [6.81 (ior path truncation on the left) if 
i = a^L, and Lemma [6.41 ffor path extension on the left) if i = t^lj^^- 

If i = (Tj^i then ?if = 1, and we see that A^i, = —(—1)'^* ' = (— 1)'^' ' from 
(|73|) . and a''"^) = a**)' - A^^, from Lemma[77| Also note that ry^' = r/^. If 77-^ > 1 
or both = 1 and trf' < t„ then Lemma [7.91 implies that mI^'jTJ^J = a^'-*' + A^j, and 
^ a(*-i). Otherwise, when i = erf > i„, then a^'^' £ - 1} from 

the definition. 

If i = ''"rt^+i (when necessarily 77^ < d^) then uf — —1 and ry^' = 77^ + 1. We see 
that A^^(^_^) = -(-l)e('-i) from ||73J) and, via Lemma 1771 a^'^^^ = a^*)' + A^^,,. 

In addition, Lemma O gives /.t^^V^^* = a^*~^' - A^^, and = a**"^^ + A^^,,. 

The definition of a reduced run implies that this case, i = t^lj^i and i 7^ ife, only 
occurs when i„_i < i„ — 1 = = i < i„ < erf . The induction hypothesis then 
implies that a(*) is interfacial in the (p'^*\p(')')-model and <5^(i)'g{i) = 0. Thereupon, 
by Lemma IC.ll a'^^^' is interfacial in the (p('~^),p('~^)')-model. Also note that 
do (*) = 1 and so /xj*""^^ — /xj*^"^^* = () here. 

Then, on using Lemma 16.81 if i = ct^l, or Lemma 16.41 if i = t^l^i yields: 



^a('-i),6('-i),e('-i),/('-i)'>'^'-l'"^» + ^''a('~i),e('-i) 'I 1 ■ jy(*-l)^ 

X X„(.v_f,(-i),e('),/(.-i)i'^*-l +"^ '"^W l^('-l)*. 1^(^-1)* j ' 

noting that dp (*) ~ (* ~ 1) because i ^ tn- If neither i = a^j^ nor i ~ 

then (noting that i ^ ifc) = 0, e^*"^^ = e'*^ from l|7.5|l and, via Lemma [7.71 

a'-*"^' = a'*-''. The preceding expression thus also holds (trivially) in this case. 

Note that 5^[i_^'^[i_Jf = 1 only in the case i = t^lj^i, so that ^J-^^l,^}^ — cS^^^^ — 

c „■ _ 1 \ 

(-ir 



Lemmas 16.81 and Lemma 16.41 also imply that: 



"a('-i),b('-i) 



p(-i)' J 




,,^,+1 and eW =e(*-i); 
d*^*' otherwise. 



They also imply that /x^' , /x^* -'^^*, i/^' , v^"^ are a mazy-four sandwiching 
{a^'^~^\b^-^~^'>). That they are actually interfacial follows if in the i = t^l^i case, 

we show that ^■'* and ^J^^l^^^ are interfacial. From above, = a'''-'' is 

interfacial. That fJ-^^L^^ is interfacial will be established below. 
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Combining all the above, and using the expression for given by (|1.25(l and 
ifT^ . yields: 



(-1) „(-!)' 



(i-1) 



-1), 



n 



-I 9 



which is the required result when i ^ i^, since = /c(i) = k(i — 1). 

In this i ^ tk case, making use of (|1.25|l . (|1.26|) . and Lemma FTHl we also imme- 
diately obtain: 



(.-i),p<.-i)' _ ^ 

'^a(>-i),b<'-i),e('-i),/('-i) ~ 



p(i-i)/ 
(,(i-i)p(.-i) 



p 



Now consider the case for which i = tk- Equation p.27|l gives ai — a", Pi = 
a'- — PI and 7^ = — a| — 7-'. Then Lemma gives a^J^ ~(^)' ' = a" = 

and j^f/j^fgc!) = a" - /3- = Pi- Let m^^i = On setting M = 

mi_i + uf + uf , equations (|1.29|) . (|1.32|) and imply that Af - = Q^+i. 

Then, use of the induction hypothesis and Lemmas 15.101 1731 17.61 and 17.101 vields : 

( (i-i) (i-i) ~i 
vf""''''""" (M m-a)\^^ \ 



(M 



X F(')(M^,M^,TOj,TO,;+i;g 

LemmaEinialso gives a^|,), j;f/, ' = 2a^'-/3,' = and j,'.^! = 

a^'-/3^ = and LemmasFT^andlOlimplv that [a^'^'p'^'-^^p'^'-^^'] = a(*)-l-a(*) 
and [6Wy'-i)/p(»-i)'J =feW-l-6W. LemmalTISlalso implies that ^^-'^''1'^''':"' = 

^6W' i'^f(i) ' ~ Lemma fS.lOl also implies that /.tj*^"'^'' , , i/j*"^-* , i/^*^"'^-'* 

are an interfacial mazy-four in the (p'^'~^\p'^'~^)')-model sandwiching (a'^''', fe*-'''). 
Together with Lemma [C. 41 Lemma f7.1UI also shows that p'-^^^HMj-* ^^*) — Aj* ^''* 
and p^'-^Hii'^;-'^) = p!^-"^ iovd^ii) < j < r^^ii), and that p(''^\vf-^^*) = uf'^^* 
and p'^'-^\yf'^^) = for d^{i) <j < 77^(1). 
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Since M = uii-i + uf + uf , on noting that i = tk, we have: 
(in the case i = i — 1, we require this expression after substituting rrit = 0), and 

= m^'^'^Crh'^'^ + mf_i - 2mimi^i + 2{m,^i ~ mi){uf + uf) + (uf + ufY. 
Use of expression (|7.11|) or H7.12|l for Fj^^l{u^,u'^,mi,mi^i;q^^) then gives: 



, (i-i) (i-i) 



^ir?i(')^Cr7T(*' + im?_i-imim,_i + i(m.„i-m.)(uf +nf ) + i(uf +iif )=^ + i7,-i/3f 



t-1 

(i) 



J 5 



where the sum is over all (mi+i,mi+2, . . . ,mt-i) = (Qi+i,Qi+2, ■ • ■ , Qt-i)- 

Since i — tk, it follows that uf = — 1 if j = '''^r+i oi" '^^r < i < t^r- We will 

apply Lemma 16.21 ffor path extension on the right) in these cases. 

In the case i = t^^r^^, we have z + 1 ^ t^, which implies via the induction 

hypothesis that <5^(*i)''^|,) = 0. Then Lemma IC.3I implies that 6*^*^' is interfacial 
in the {p^''--^\p''^-'^'>')-moAc\. Note that if t;^ 2 and erf > t„ then ivj'"^^ = 
^(j-i)* „ Q. jj? _ 2 and erf < i„ (necessarily k < n) then i/j-* = (t'g*""'^'') and 
i/^*"^-** — (i^Q*^^-**), with i^o*^^'' ^ 7^ t'Q*"^''* direct from the definitions after 

noting that i < erf < i„; and if r/^ = j + 1 for j > 1 then =(..., and 

i/^' "'^''* = (. . . , j/j'lj^"'^-'*), with ^'j^i"'^'' 7^ 6^'^"'^-' ^ t'jLi^''* direct from the definitions 
after noting that i < erf < rf . We now proceed via Lemma |6.2I as in the i ^ tk 
case, to obtain: 



having noted that df (i) = d{^{i — 1). As in the i ^ tk case, we obtain that , 

"'^■'*, , are a mazy-four sandwiching {a^^^' ,b^^~^'>), and that they 

are actually interfacial once it is established that v^r is interfacial. This is done 
below. 

In the case (t^„ < i < t^r, we have 77^' — rj^ and A^^ = —(—1)^ = 
(-1)1--^''' from (ESI and, via Lemma [771 fo^'^^' = + A^^. Note that if /c = n 
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(necessarily 77^ = 1) then i/^ = i/^ = (); if /c < 71 and 77^ = 1 then 

u^l'''> = (i.^^-'^) and = with '^o'"'^ / ^'^"'^ / '^o'"'^* direct 

from the definitions after noting that i <tn] and if fc < n and -q^ — j for j > 1 then 
=(..., ^^jLY^) and = (..., with ly^^ + 6(-i) ^ 7.|r/^* 

direct from the definitions after noting that i < t^. Then Lemma 16.21 yields : 



-i«f (m,_i+Mf+«f-A«„,(a,+/3i)) 




^a(.)',bWM-e(.),l-/<')('"''l i „(»-!)*. ■ 

Here, if i = i„ and crf^ < t„, we have = 1 and d^{i — 1) = 0. Also note that 

^ ^ I rj.^^^ ^{i-i) ^ 7,(^-1) and f^*-^)* = - Af by LemmaEl 

whereupon we obtain precisely the expression obtained above in the i = '''^r+i case. 
Also note that i + 1 ^ rf^ again implies, via J^jij '^(i, = and Lemma FCSI that 6*^'^' 
is interfacial in the (p(*^^^,p('^^^')-model. Lemma [6.21 shows that /i^* , /i^* ^■'*, 
^ are a mazy-four sandwiching (a^*)', 6^'"^)). Since t^q*"^'* — 6^*^' is 

interfacial, to show that , ^tj* "'^■'*, , are an interfacial mazy- 

four requires only that it be established that i/^ is interfacial. This is done 
below. 

Otherwise for a^n < i < r^k, we have i^^nl\ = fo*^*^^-* + A^j, by Lemma [Y. 91 and 
j^Bj _ j^R^ whence use of Lemma l5 . 51 again yields precisely the expression obtained 
above in the i = t^^-^ case. 

In addition, the same expression clearly also holds in the case t^r_i_i < i < Cyj, 
for which uf = and 77^' = 77^ (in the i = case, note that k{i — 1) = k — 1 = 
k^{i - 1) and consequently /('-i) = 1 - f '^ by EEJ). 

Note that in the case ai^n < i < t^, we have /'•'^^■' — /^'■' from (|7.6I) . Lemma 

16.21 then implies that (^^(i-i) 'J(i-i) = in this case. Consequently, '^^(i-i) 'J(i-i) = 1 

only in the case i = t^r^-^, and then only if i^^r^\ — fo'-*^"'^' — (—1)-^'' 
Lemma |6.2I also implies that: 

(i-l) 



p(j-l)/ 



5(0 _ 1 _ M*) + A,f,, if 7 = r« and /(^) ^ /('-D; 



5^'^ — 1 — otherwise. 
ws that uf = — 1 if 7 = rf- , , or 

i ^ + 1 

apply Lemma [6.41 ffor path extension on the left) in these cases. 



Since 7 = ife, it follows that uf = — 1 if 7 = rf^ , , or a\ < i < t\. We will 
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In the case i = T^L_^_l, we have i + 1 t^l which imphes via the induction 
hypothesis that — 0. Then Lemma IC.3I imphes that a(*)' is interfacial 

in the (p(*-i),p(*-i)')-modeL Note that if 77^ = 2 and erf > t„ then /xj*"^' = 
'^^* — {); li Tj^ — 2 and erf < t,i (necessarily k < n) then /x^* = (/^q* "'^•') and 
"'^■'* = (/ig* "'^■'*), with /ig' 7^ a'^'^"'^-' 7^ /iQ* '^^* direct from the definitions after 
noting that i < erf < t„; and if yy-^ = i + 1 for j > 1 then /xj* =(..., and 
^■'* = (. . . ,IJL'^_P*), with Mj-i^' 7^ a^'^-'^^ 7^ tJ^^j-i^* direct from the definitions 
after noting that i < aj < ■ We now proceed via Lemma [6.41 as in the i ^ tk 
case, to obtain: 




X„(i)/ b(i-l) /(i-l) + I "Zjj < 

after noting that d^{i) — dQ{i — 1). As in the i ^ tk case, we obtain that fi^-^~^'> , 
^^(^-i)*^ , are an interfacial mazy-four sandwiching (a'*"^-', 6^'"^)), 

and that they are actually interfacial once it is established that /i^^, is interfacial. 
This is done below. 

In the case (j^l < i < t^l, we have = r/'^ and A^^ = -(-1)"*' = (-1)^""''' 
from H7.5|) . and via Lemma [7n a*^*^^^ = + A^^,. Note that if A: = n (necessarily 
Tj^ = 1) then /x}'"^^ = = 0; if fc < n and 77^ = 1 then /x}'"^^ = (Ai[,'"^^) 

and /xj'^^-** = (/Iq* "'^''*), with /Iq' 7^ a^'^-'^^ 7^ /Iq "'^•'* direct from the definitions 
after noting that i < tn', and if A; < n and rj^ = j for j > 1 then /xj-* = 

(. . . , M^*-~L^^) and /X|'~"^''* = (..., fj^'^^lp*), with ^i^■Zl'' 7^ a*^*~-^^ 7^ direct from 

the definitions after noting that i < rj" . Then Lemma [6 . 41 yields: 



(m,_i-m,+«f+A^i,(ft-uf A««,)) 



Here, if i = i„ and erf < i„, we have dp (z) = 1 and dg (* ^ 1) = 0. Also note that 
77^' = r;^ = 1. Then ^'"^^ = a^^-^) + Af and = a^^-^) - Af by LemmaO 

whereupon we obtain precisely the expression obtained above in the i = case. 

Also note that i + 1 7^ rf again implies, via i5^(i)'g(i) = and Lemma FC. 31 that a*^*^' 
is interfacial in the (p(*^^\p(*^^)')-model. Lemma [6.41 shows that /x'*"^) , /x^'"^)*, 
^ jy('-i)* are a mazy-four sandwiching (a*-*"^\ fo*^*"^-*). Since /Zq ^''* = a*-*-*' is 
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interfacial, to show that fi^^ , /i.*-' ^-'*, v^"^ , i''' are an mterfacial mazy- 
four requires only that it be estabhshed that is interfacial. This is done 
below. 

Otherwise for (T^i < i < t^l , we have = a*-*"^' + A^l by Lemma [7.91 and 

1]^' = ?7^, whence use of Lemma [5.51 again yields precisely the expression obtained 
above in the i — rh , , case 



In addition, the same expression clearly also holds in the case tI^l^i < * £ ^I^l, 
for which — and •q'"' ~ t;^ (in the i = a^^ case, note that k{i — 1) = k — 1 = 
k^{i — 1) and consequently eS^^^'> = 1 — e*^*' by (|7.5|l '). 

Note that in the case a^^ < i < t^l, we have e^*^^^ = e*-'-* from (|7.5I) . Lemma 

16.41 then implies that <5^(i_i) '^(i-i) = in this case. Consequently, S^^^_-^J''^^^_^ = 1 

only in the case i = t^l^i, and then only if f-tl^Ll\ = a^'^^' — (— l)*^'* 
Lemma 16.41 also implies that: 







p(i-l)l 





a(0 _ 1 _ a(«) + A\, if i = T^^^, and e^') ^ e^'-i); 



V 

a*-'-* — 1 — a^*^ otherwise 



Combining all the above cases for i — tk gives: 



e<'-i) / 



E 



n 



i("fb,fe-i)+"a,fc-.i))-"i<' " + 37."-i 



-' 1 



which is the required result when i — tk, since k(i — 1) = fc — 1. 

In this i = tk case, making use of p.25|l . (|1.26(l . and Lemma [7. 81 we also imme- 
diately obtain: 



a 



0: 



a(i-i),f,(«~i),e('-i),/('-i) 



p(.-l), J 



6(i-i)p(i-i) 



It remains to consider the four final buUeted items of the induction statement. 
First consider tk < i — 1 and rj'^j^ < i — 1 < tk+i < erf- If i < tfc+i then a^*' 
is interfacial in the (p*-*-* ,p^*^')-model by the induction hypothesis. Then Lemma 
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IC.ll implies that a^'^' is interfacial in the (p(*^^\p'^*^^^')-model. If i = tk+i first 

note that since i ^ t^" , the induction hypothesis yields = 0. Then Lemma 

IC.3I implies that a(*)' is interfacial in the (p^* ^\p^^ ^)')-model. In both cases, 
a^*"^-* = a*^*'' by Lemma 17.71 and thus a^'"^) is interfacial in the {p'^'^^^\p^^~^^')- 
model as required. 

Now consider tk < i — I and t^^j^ < i — 1 < tk+i = erf with a^'^^^ not interfacial 
in the (p(*"i),p('"i)')-model. a^'^^^ = a^')' by Lemma 1771 In the case i < tk+i 
note that z + 1 ^ rf, whereupon the induction hypothesis yields <^^(i)'g(i) = 0, 

and then Lemma IC.ll implies that a'*-' is not interfacial in the (p^'-',p^*'')-model. 
The induction hypothesis then implies that rf — cr^ + 1 as required. In the case 

i = tk+i ( = erf), Lemma IC .31 implies that <5^(i)'g(i) = 1- The induction hypothesis 
then implies that i + 1 = as required. 

An entirely analogous argument yields the next buUeted item. 

We now tackle the remaining cases of the final two buUeted items together (we 
only consider the cases with superscript 'L': those with superscript 'R' follow sim- 
ilarly). The remaining cases arise when dp (z — 1) < dp (i) and ri^{i — 1) > ri^{i)- 
In the former of these cases, necessarily af < i = tn when (io(i — 1) = and 
dp (z) = 1, and thus here we set j — 0. In the latter, necessarily i = '''fj'i'+i when 
r]^{i — 1) = 77^ + 1 and r]^{i) — r]^ , and thus here we set j — { > 0). In 
either case, the above analysis has shown that pLf'~'^^* = a*^*"^-* — — a^'^' is 
interfacial. It remains to show that ^if — a*^*'' + is interfacial and that 

In the j — Q case (when af < i = i„), the definitions directly give ij.q~^^ — 
if Af = — 1 and = if Af = 1, so that /ig' is certainly interfa- 

cial. We then immediately have p*^*"^) (^q "^^) = = /ig"^'' if Af — —1 and 
p^'-^HfJ-o'^^) = P^'~'^^ = Ao~^^ if Af- = 1, as required. It follows from NotclRl 
that p^^-^Hmo"'^*) = 1 = Po^'^* if Af - -1 and p^'~^HPo''^*) - P^'"'^ - 1 = 
_ required. 

For the j > cases, if we can show that p*^*~^)(/i^* ^^*) — fi'f and that 
a(»)' + 2A^_^i is interfacial then, via Note lRl it wiU follow that /9(*"^HMj-'~^') = 
p^^~~^^{^''j ^^*) + ^f^i — p'f + ^f+i = Mj' ^\ the final equality following from 
the definition of fl'f ^\ To show this, we consider various cases. 

With i = Tj"_^i, that {tj , (Tj , Aj}j^^ is a reduced run implies that i — tk unless 

i = tn - I ^ tn-l- 

In the i = tn — I ^ tn-i case, we have j — 1, tn < erf < t, Af ^ Af and 
= 3 + i/c„. For 1 < r < c„, the rth odd band in the {p^'-^\p'^^-^'^')- 
model lies between heights 3r and 3r -|- 1. We readily obtain = 3r + 1 

and 472^^ = ^- Then, if Af = -1, we have a^^^' = ^(crf - i„) + 

1 and therefore p'-^^^Hmi*^^''*) = eyf — in = ^l^'f^t +2 ~ Mi' ^''*- addition, 
^('"^^ = a(')' + 2A^ ^ a(*)' + 2 is clearly interfacial. If Af = 1, we have a^'^' = 
^(^-1)/ _ n'^^-fl^^ = 3(c„ - erf + tn) and therefore p^^-^HmI*"^^*) = c„ - erf + t„ 
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_ K^Vj^l ^2 = i^i ^^*- III addition, ^^'"^^ = a('')' + 2A^ = a(*)' - 2 is clearly 
interfacial. 

We now tackle the cases for which i = Tj"_^i = tk- Since i + 1 7^ t^^ we ob- 
tain (S^Jil'^l*)' = 0. Now set a = a^*' + Af^^^, and set e = e^^^ if [ap(^)/p(*)'J ^ 
/p(')'J and e = 1 — e'-*' otherwise. We claim that (5f ^ =0 (this will 
be established below). Thereupon, invoking Lemma [0.21 in the case [ap'^'Vp*'*'''] — 
La(i)p(»)/p(i)'J or Lemma Iml in the case [ap(*)/p(*)'J [o^^^p^'V-P^^^'J shows that 
a*^*'' + 2Aj_^i (and a*^*'') is interfacial in the (p('~-'^\p'^*~-'^^')-model. Using first the 
fact that a('')' is interfacial in the (p*^* ^■'')-model, then Lemma [7.81 noting 

that (|731) implies A^.^.^ = 2e(*-i) - 1, then the definitions of d'-'-^^ and A^'"^^*, 
yields: 

p(»-i)(aW') = [a«y'-i)//'-i)'J + 1 - e« 

= a(^) _ a(') _ e(') = ~a^^-'^ + e^^-'^ - Af^, 

= f^) ^ 

as required. 

To establish our claim that ~ =0 requires the consideration of a number 
of cases. It is convenient to separately treat Ck > 1 and Ck = 1- Note that because 
p(^)'/pM has continued fraction [ck + 1, Cfe+i, . . . , c„], each neighbouring pair of odd 
bands in the (p(*\p(*^')-model is separated by either Ck or Ck + 1 even bands. 

For Cfc > 1, first consider crj" > tk+i- Here, since rj",^-^ = tk = i < ifc+i < trj", we 
have that a(*) is interfacial in the (p(*\p'^*^')-model. Furthermore, since Ck > 1, each 

pair of odd bands is separated by at least two even bands, whereupon = 

immediately. 

Now consider > 1 and cr^ < tk+i- Since k{i) = k^{i) = fc, we obtain = 
(-1)'=*'* from (113. We readily calculate ^if_^ - a^''> = A^k^1_^ = (c^i' - i + I) 
where we have relied on the above continued fraction expansion to evaluate 

Thus 2 < a^*)| < Cfc + l. Then Jf' ' = follows because, on the one hand, 

is interfacial by the induction hypothesis, on the second hand, neighbouring 
odd bands in the (p^'^p'^^'Q-model are separated by either Ck or + 1 even bands, 
and on the other hand, if cr^ = tfe + 1 then Aj^j^ 7^ Aj". Note that this reasoning 
applies even if j = 1 when necessarily fc < n — 1, if we interpret both and p^'^' as 
bordering odd bands. 

For Ck — 1, first consider cr^ — tk+i- Lemma [731 implies that A^_^_-^ ^ A^ . Since 

k(i) ^ k^{i) = k, we have Af^-^ = -Af = -(-1)^''' via (jTSJ. If a^'^ is inter- 
facial then = imphes that [ap^^Vp^'^'J ^ [a^'V^'Vp^'^'J and therefore 
^P^'P'*'' = 0. If a(*) is not interfacial then [ap'^'^p^'^'] = [a^'^p^^^p'^'^ \, which 

since a = a*^*' -I- A^^^ — a^^^ — (— 1)*^ immediately implies that = 0. 

Now consider Ck — I and cr^ = tk+i + 1. Lemma [7.31 implies that Aj'^-^ = Aj". 
Since k^{i) = k + 1 and k{i) = k, we have A^^^ = Af = -(-1)'^*''. Then 

(i) (i)/ 

'^a e = as in the previous case. 
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Now consider Ck — ^ and cr^ > tk+i + 1. Lemma 17.31 implies that in fact, 
(7^ > tk+2- Here, since r^^j^ = tk = i < tk+i < cr^, the induction hypothesis 

implies that a(*) is interfacial in the (p*^*\p*^*^')-model. Now, however, -'^ = is 
immediate only in the [ap(*^/p'*^'J / [a'^*'p'*)/p(*)'J case. In the case [ap'^'^/p^^^'J = 
|^Qr(«)p(*) /p(«)'J ^ since a^*-' is interfacial and S^J^'^[-^^ = 0, it follows that a = a'*^ + 

(-!)'=*■'. Then Af^^ = (-1)"^'^ = -(-l)^*""", the final equality arising from (f73|l 
because i + 1 = tk+i < aj' implies that k{i + l) = k+1 and k^{i + l) = k^{i). Again 
via the induction hypothesis, t^^j^ < t^+i = i + 1 < < aj implies that a^'^^' 

is interfacial in the (p*^*-',p*^*^')-model and i + 2 < aj implies that <5^(i+i) '^(i+i) = 0, 
so that [(a(^+i) + Aj'_^i)p(^+i)/p(^+i)'J ^ [a(^+i)j3(^+i)/p(*+i)'J . Invoking Lemma 
EHwith p' = p^^+i)', p^p'-'K and {a, a} = {a'^+i), a('+i) + Ajl^^J now shows that 
La(i)p(*)/p(i)'J = L(a(*) +2A^+i)p(^)/p(*)'J, whereupon, certainly sfy^^^^' = 0. 

This proves the ninth buUeted item for all i with < i < r^^j^ when j > and all 
z with < * < when j = 0. An entirely analogous argument gives the remaining 
bullet ed item. 

We now see that our proposition holds for i replaced by z — 1, and thus the lemma 
is proved by induction. □ 

Before taking the final step to proving Theorem l7.ll we need the following result 
concerning the quantities defined in Section Fl.! PL for the vector it = + . 

Lemma 7.12. For < j <t, 

a'j = Qj {mod2); 
l3'^=Q,-Q,+i {mod2). 

Proof: Since a" = 0, /3t = and Qt = Qt+i ~ 0, this result is manifest for j — t. 

We now proceed by downward induction. Thus assume the result holds for a 
particular j > 0. When j ^ ife(j), equations H1.25|l and H1.27|l imply that /3j_i = 
(3'^ + {u^)j - (it^)j. Equations ((Ol^ . ifT^ and ifT^ imply that ee Qj+i - 

{u^)j — {u^)j- Thus the induction hypothesis immediately gives = Qj-i ~ Qj 
in this case. 

When j = ife(j) , equations lfT33l) and lfTT77|l imply that /3^_^ = a'- - /3j- + {u^)j - 
{u^)j. Equations O^ . l(0^ and ((T^ imply that Qj^i = Qj + Qj+i - {u^)j - 
{u^)j. Thus the induction hypothesis also gives = Qj-i ^ Qj in this case. 

In both cases, equations (|1.26|) and (|1.27|) give — a'- + /3^_i, whence the 

induction hypothesis together with the above result immediately gives = Qj-i 
as required. □ 

In order to isolate the i = case of Lemma 17.111 we note that comparison of 
the definitions of Sections O and O gives a = a(°), b = e = e(°), / = /(°\ 

'"fb fc(o)) ^ '"b' ^^"^ '"(J fe(o)) ~ '"f ■ ^® "^^^ readily obtain: 
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Corollary 7.13. Letp' > 2p, mo = a^'l {mod2) and mi = a^'l ^Pl'l^j {mod2). 
Then: 



i=i 

with the sum to he taken over all (m2,m3, . . . ,mt-i) = (Q2, Qs, ■ • • , Qt-i), with 
m — (toi, 7712, ?773, . . . , 777(_i) and rh — {mo, mi, 7712, 777,3, ■ • ■ , "m-t-i). For the case 
t — 2, the summation in the above expression is omitted. For t = \, we have: 

(In this t — \ case, necessarily (J^'f = Q.) 

In addition, jj,, jj,* ,v,v* are an interfacial mazy-four in the {p,p') -model sand- 
wiching {a,b), with pP'^ {pLj) = fij and fjP'^ (/i*) = fi* for do < j < d^ , and 
pP-P'{vj) = Vj and pP'P'iv*) ^ V* for d^ < j < d^' . 

Also, S^'j = 1 only if rj^ = 1 a77d i^d'^-i — b — (—1)-^. // (7^^ > ti then 
b is interfacial in the {p,p')-model. If a^n — ti and b is not interfacial in the 
{p,p')-model then rj^ ~ ti + 1. 

If b is interfacial and > then 

pP^p' (b) = J2 A^,{k,u - 



m=2 

R 




-I; 

-1. 



// b is not interfacial and a^p^ > then 



bp ' 



p' 



Proof: Lemma f7. 1 II gives a^'^ — a'o = ao and P^'l ^ f — P'o ~ Po, whereupon, the 
first statement follows from Lemma [7. 121 The statements in the second and third 
paragraphs follow from the 7 = case of Lemma 17.111 after noting that to < = 
''"in+i < ti- For the final paragraph, the 7 = case of Lemma f7 . 1 II implies that if 
aj^a > then 



bp 

7. 




Note that afa > implies that rj^ > 1 which, from above, implies that (5^'^ = 0. 

Then if b is interfacial, pP P (6) = \ bp/p'\ + / giving the desired result in this case. 
If b is not interfacial then, from above, < ti and therefore fc^(O) = 0. Since 
fc(0) = 0, H7.6|l yields = (—1)''^ = 1 — 2/, from which the desired result follows. 

□ 



Proof of Theorem \7.H For reduced runs. Theorem 17.11 now follows from Lemma 
15.41 and Corollarv l7.13l since a^'^ b — a and, via Lemma FZ. 121 a^'^ + g j = 
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Qi (mod 2). That it holds in the case of arbitrary naive runs then follows from 
Lemma EH □ 

For later convenience, we show here that the values {m^I^^^^ and that 
are obtained from naive runs are interfacial. It is not possible using the results of 
this section to show that all {/^j}^^^^ and are also interfacial. However, 

that they actually are will be deduced in Section 

Corollary 7.14. Let {t^ , , Afjj^^ and {rp , a^'^ , Afjj^^ be naive runs. 

If 1 < j < then /i* is interfacial with pP'P (fi* ) — jl* . In addition, if 1 < j < 
d^ , and r^j^ ^ '^f+i ^hen is interfacial with pP P (/ij) = fij . 

If 1 < j < d^ then v* is interfacial with pP'P (v*) = . In addition, if 1 < j < 
d^, and t^j^-^ ^ '^j+i ^^c^ interfacial with pP'P (vj) — Vj. 

Proof: That this holds for reduced runs is immediate from Corollarv l7.13l If = 
then /j,* — l^j^i and p* — Since = crj" cannot occur for j = 1, the 

required result follows in the p,* case. With r^^^ ^ ""j+i' ^^'^ result for the pj cases 
follows immediately from that for reduced runs. 

The final paragraph follows in the same way. □ 



7.4. Transferring to the original weighting. In this and the following sections, 
we fix naive runs = {r^ , ^f}^li and = {Tp,af,Af}'^^^, and make 

use of the definitions of Section ITtI The set V^'^ ^(L) | ' ^* | and its generating 

function Xa'bd-^) { '^'■u' } defined in Section [5^ 

The following lemma relates this generating function, defined in terms of the 
original weight function (|2.1|l . to that considered in Theorem l7.1l (the latter gener- 
ating function was defined in (|5.1|l in terms of the modified weight function H2.5|l ). 

Lemma 7.15. Let p' > 2p. Set c^ b + A^„. 

If cr^R = and either Yph/p'\ = \pc/p'\ or c & {0,p'} then: 

Otherwise: 

Proof: Let h £ P'j[,j{L) { l^.^ }, and let h G r^j[,{L) { >;^,^-^, } have the same 

sequence of heights: hi = hi for < i < L. 

First consider a^R = 0. The i = 1 case of Lemma 17.91 implies that i^d^-i — 
b + A^ji and hence h^^i = & — A^„. The definition of / (in Section lTTI) gives A^^ = 
— (-1)-''. Then, by H2.4|l . the Lth vertex of /i is scoring with weight i(L+A^H (a-6)). 
On the other hand, with c = b + A^r, if [pfe/p'J = [pc/p'\ and < c < p' then 
Table ^ shows that the Lth vertex of h is non-scoring. This is also the case if 
c € {Q,p'} because the 0th and {p' — l)th bands are defined to be even when 
p' > 2p. Therefore wt{h) = 'wt{h) — + A^H(a — 6)). In the case where < c < p' 
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and \pb/p'\ ^ \pc/p'\, the LVci vertex is scoring in both h and h, and therefore 
wt{h) = wt{h). The required identities between generating functions then foUow 
whenever a^n = 0. 

For (T^R > 0, note that rj^ > a^^ imphes that rj^ > 1 and hence, via Corollary 
Trm that S^'P/ = 0. 

In the case < (t^„ < ti, we have fc^ = and therefore Aj, = From 

— then follows that wtih) wt{h), and hence the required identity between 
the generating functions results. 

If fj^R > ti, then b is interfacial by Corollarv l7.13l Again (5^'^ = implies that 
wt{h) = wt(h) whereupon the lemma follows. □ 

The following theorem specifies the subset of "Pa ^ d^) (weighted as in (|2.2(l ^ for 
which the generating function is F^u'", u^, L). It deals with both the cases p' > 2p 
and p' < 2p. 

Theorem 7.16. Ifb is interfacial, let c G {6±1}. Otherwise ifb is not interfacial, 
set c ~ b + A^H . If L = b — a {mod2) then: 

(7.13) x:idL)[^^::''^.]-Fiu^,u'',L). 

Proof: First consider p' > 2p and c — b + A^n. ■ 

lia^^ = and [bp/p'\ = [cp/p '\ with < c < p' then 7' = 70 -2(L + A^B(a-6)) 
by the definition in Section Fl. 101 This is also the case if c = (when b = 1 and 
A^ji = — 1) or c = p' (when b — p' ~1 and A^^ = !)• Otherwise 7' = 70. Expression 
(I7.13|l then follows from Theorem 17. II and Lemma lY.lSI 

If b is interfacial then Table ^ shows that a path h G Pat d-^) same 
generating function whether c = b + I orc = &— 1. The theorem then follows in 
the p' > 2p case. 

Now consider p' < 2p. like P^'^d^), and h e PtbJ'^'{L) is defined by h = K 
for < i < i, then wt{h) ~ j{L^ — ct^) — wt{h), where a = 6 — a, by a direct 
analogue of Lemma [4.11 (here, as there, each scoring vertex of h corresponds to a 
non-scoring vertex of h and vice- versa). Since p' > 2(p' — p), we thus obtain: 

(7.14) xXw{J^*:^*}^9^^^'""'^^'"''''(«^«'''^;9"')' 

where (m^, , L; q^^) is F{u^,u^, L; q^^) with all the quantities employed 

in its definition by (|1.4U|) pertaining to the continued fraction of p' /{p' — p). Be- 
low, we make use of C^'-P'P' and {u^ + uf)P'-P'P' and -f{X^ , X'^)p' -p-p' defined 
similarly. 

Now note that Cp' ~p p' rh ^ rhCP P'rh + ^ 2Lmi, 

(ttf + uf)P''P^P' ■m={u^+ u") ■m-{u^ + uff^P' ■ m, 

and '^{X^,P(:^)P-P' = --f{X^,X^)P''P-P' - al by l(r77|l . From these expressions 
together with Lemma [2.81 we obtain: 

(7.15) FP'-P'P'{u^,u^,L;q-^) = q-i<-^'~"'i) pP'P' {u^ ,u^, L; q). 
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Together with H7.14|l . this proves in the p' < 2p case, having noted, via 

Lemma 17.111 that a = a^'^ — ckq. □ 

7.5. The other direction. Theorem 17. 161 deals with either b being interfacial or 
c taking the specific value b + A^j^ . In this section, we deal with the other cases in 
which b is not interfacial and c — b ~ A^f, . The generating functions then involve 
the fermion-like expressions defined in Section [1.151 

As in the previous section, we fix naive runs — {rj" , a^" , Aj}j^^ and = 
{Tp,aj^,Af}'j^i, and make use of the definitions of Section mi In addition, for 
convenience, we set a — a^n and A = A^„ . It will also be useful to set 

r rj5, ifd«>l; 
(7.16) T = < tn if = 1 and cr < 

[ t if d^ = 1 and cr > i„. 

Recall that a < tn implies that dg' = 0, and a > i„ implies that (Iq — 1. 

Theorem 7.17. Let all parameters be as in Section \7.1\ Let b be non-interfacial 
and set c = b — A^„ . If L = b — a [mod2) then: 

■P'P' IT\ '^^ 1 - FC.i ..R 



Proof: We first consider p' > 2p. Since b is not interfacial, CoroUarv 17 . 1 ^^1 implies 
that a <ti. 

In the subcases for which > d^ note that u ^ {) ^ u* . Then, the definitions 
of Section l7. II vield i^^-r-i = b + Akq- and v*i^r_i = b — A(kt- — k„). In the subcase 
for which d^ — d^ , note that v — u* = (). 

For a — 0, when d^ > dg we have i^^^-i = b + A, whereupon the first identity 
of Lemma 15. Ilf 2^ gives: 

P,p' (T)[f^ \ _ ML+A{a-b)) p.p' ,r \ //^ -.^ 



i(L+A(a-6)) 



F{u^,u",L), 



the second equality following from Theorem l7.16l When d^ = d^ so that u = v* = 
0, ifTTl^ also follows from Lemma l5llT 2) and ThcorcmEEl The definition (fri5|) 
then gives the required result in this cr = case. 

Next, we consider < cr < r - 1. Set 6' = & - A. When d^ > d^, we find that 
b' — v^R^i — ~A{k^ + 1) andb' ~i>^ii_^ = A(k7- — Ko- — 1). In particular, b' is strictly 
between fjjH-i and v^r^^. The same is true of fe' — A unless cr + 2 = r<ti + l, 
in which case 6' — A = i'^r_i- Substituting b ^ b' and L ^ L + 1 into the second 
identity of Lemma l5.11f 1) and rearranging, yields: 

^{L + l-A{a-b')) P,p' '^^ 

(7.19) L/- . 

where if — A / ^^r^i then i/+ — i> and = i/*; and if b' — A — i'*^r_^ then d+ > 
d^ is the smallest value such that 6' — A = i^^^, and then 1/+ = (I'^-n. , . . . , vj^+_i) and 
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— {i^'^R, ■ ■ ■ , The term on the left of (|7.19(l is (apart ft'om the prefactor) 

that on the left of (|7.17|l . The first term on the right is equal to F{u^,u^+,L + 1) 
by Theorem 17. 161 after noting that with in place of X^, the definitions of 

Section ITTI lead to the same mazy-pair v, v* . If, on the one hand, 6' — A 7^ ^dR-i 
the second term on the right is Hkewise equal to F(it^, it^++, L) by using X^^'^ 
in place of X^. Therefore: 

(7.20) q-^'-'^^'^-'^h^^^AL) {j;*; ;^*} = F{u\u^\L + 1) - F{u^u^-+\Ll 

from which H7.17|l follows in this case via the definition (|1.45|l . 

On the other hand, if fo' — A = i^^n_]^, note in the subcase for which > 1, 
that the mazy pair arises from the run X' = {rp, crj^, Aj*}^^]^ where d* = 

maxld"*", 1}. Also note that i/^, = '^d'+i = ■ ■ ■ = v*i^r_i = b — 2A implies that 
Tp = for d* < j < d and t^r — a^R + 2 whereupon u{X') = tf'^++ as defined in 
Section [TTsl and ((TM gives A{X') = A{X++). In the subcase for which d^ = 1 
and dg = 0, the mazy pair i/"*" — z/+* — () arises from X' — {r/^, tn, Af } whereupon 
again u{X') = and A(A") = A{X++). Thus, even when 6' - A = 

the second term on the right of (|7.19|) is equal to F{u^, L) by Theorem 17. 161 

and l(7^ and then ifTTfjl follow. 

For this < cr < r — 1 case, it remains to consider the subcase for which 
d^ = d§ — 1. Here u — u* ^ = = (). The instance a = ti may be 
excluded because then n — 1 and b may be shown to be interfacial. Otherwise 
Lemma EHHl) and Theorem TTWl lead to ifTT^ . (fT?^ and ((7T7jl in a similar 
fashion to the 6' — A ^ considered above after noting that a < t — I 

ensures that 1 < b' ,b' — A < p' . 

We now consider < ct = r — 1. In the subcase where d^ > d^ we have 
— A = v*^R_^ and b + Ako. = t'jiH.i, so that certainly both b and 6 + A are strictly 
between v*ir_^ and Eliminating the terms that appear second on the right 

sides of the two identities in Lemma 15.1 If 11. yields: 

i(L_A(a-&)) p,p' ,T\ '^^ \ 

(7.21) ( \ r + 1 

where if d^ > d^ is the smallest value such that 6 — A = j/^^, then i/+ = 
{vciR, and v+* = . . . , 

The first term on the right of (|7.21l) is equal to F{u^, u^, L) by Theorem 17. 161 
Now note that in the subcase for which d''^ > 1, the mazy pair arises 
from the run X' = {rp, a^^, A^}'j^^ where d* — max{(i+, 1}. Also note that 
1^2, = — ■ ■ ■ = ~ b - A implies that = for d* < j < d^ and 

T^R — a^R + 1 whereupon u{X') — as defined in Section ri.151 and H1.24|l gives 
A{X') = A{X+). In the subcase for which d" = 1 and = the mazy pair 
i/+ = = arises from X' = {r/*,f„, Af } whereupon again u{X') = it^+ and 
A{X') = A{X~^). Thus whenever d^ > c?^, Theorem 17. 1 61 implies that the second 
term on the right of ifT?^ is equal to {q^ - 1)F(m^,m^+,L - 1). Thus, (f7?n)l 
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gives: 

(7.22) ^ XaAb-A[^)\^*.^*j 

= F{u^,u", L) + {q^ - \)F{u^,u^+,L - 1). 

The definition H1.45|l then yields the required H7.17|l . For the subcase for which 
d^ = d§ = 1, LemmaEmi) and Theorem EH lead to (jT^TJ, ifT?^ and (|7T7I) in 
a similar fashion after noting that v = v* = = 1^+* ~ (), and < a < t implies 
that 1 < 6 ± 1 < y. 

The proof for the p' < 2p cases differs from that of the p' < 2p cases above only 
in that parts 3) and 4) of Lemma Pi. Ill are used as appropriate, yielding different 
coefRcients, but yielding (|7.17|) as required. □ 

Note 7.18. As indicated in the above proof, ifO = a<T — 1 then the polynomials 
defined by the first and second cases of j j.45| ) are actually equal. The same comment 
lies to the first and second cases of ^1.46^. 



We prove the following result, which is not needed until Sectional along lines 
similar to the proof of Theorem 17 . 1 71 above . 

Lemma 7.19. Let all parameters be as in Section \7.1\ 

1 ) Let p' > 2p, let < a < T — 1 and let b — A^h be non-interfacial. If b is 
interfacial then: 

F{u\u'', L) = L + 1) - g5(i+2+A(a-f,)) j^(„L^ 

// b is non-interfacial then: 

F{u'^,u'', L) - L + 1) - g5(i+2+A(a-f,)) j^(^L^ 

2) If p' < 2p and ct^ = then 

F{u^,u^,L) = F(tt^,M^+,L- 1). 

Proof: If d^ > d^, note that u ^ {) ^ u* . Then, the definitions of Section rO vield 
i^dri-i ~ b + Akct and i^*ir_i = b — A{kt — Hcr)- If dfi — (Iq, note that v = v* = (). 

1) Set 6' = 5 - A. When > d§ we have b' - J^d^-i = -^i^a + 1) and 
b' — i'*iR_i — A{kt- — Ka- — 1). In particular, 6' is strictly between I'dfi-i and i^^n^i- 
The same is true of 6' — A unless a + 2 = T<ti + l, in which case b' — A — v'^r_^. 
Substituting b ^ b' and L — > L + 1 into the first identity of Lemma fS.l It 1) and 
rearranging, yields: 

Xa'6'+A,6'('^) 



(7.23) 



,+ 



where if fe' — A 7^ ^*dR-i then u+ = i> and = u*; and if 6' — A = v*ir_i 
then (i+ > d^ is the smallest value such that b' — A = v^^, and then i/+ = 
(z^^H, . . . , h'ii+_i) and v^* = {v*^r, ■ • ■ , ^'^+-1)- ^ interfacial then the left side 
of (|7.23(l is equal to F{u^, u^, L) by Theorem l7.16l whereas if b is non-interfacial, 
it is equal to F{u^,u^,L) by Theorem 17.171 The first term on the right is equal 
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to F{u'^,u^+,L + 1) by Theorem ITTtI after noting that with in place of 

X^, the definitions of Section mi lead to the same mazy-pair Regardless of 

whether 6' — A ^ ^d^^-i or 6' — A = v^r_i (see the corresponding argument which 
applies to the second term on the right of H7.19|l in the proof of Theorem I7.17|l . 
the second term on the right is equal to L) via Theorem 17. 161 The 

required result follows in the > case. 

In the subcase for which d^ = d^ = 1, we have v = v* = = = (). 
Lemma fS.llf 11 and Theorems 17.161 and 17.171 then lead to (|7.23|l and the required 
result in a similar fashion to the b' — A ^ ^d^-i case considered above after noting 
that a <t — 1 ensures that 1 < 6' , 6' — A < p' . 

2) In the case for which d^ > d^ we have 6 + A = Vd"-i here, whereupon the 
second identity of Lemma r5.11f 4) gives: 

(7.24) x^j.;_a(^) {j;*:;;*} = x^^ta^ - 1) 1;;*;^+*} ■ 

where if 6 — A 7^ then i/+ = h> and = v*\ and if 6 — A = ^dR-i then 

> is the smallest value such that 6— A = , and then i/+ = {v^r, ■ ■ ■ , 1^11+ -1) 
and v+* = The left side of Ifl^ is equal to F{u^,u^,L) by 

Theorem lTTTI If 6- A ^ J^;Jr_i, the right side of iTT^ is equal to F(u^ .u^+ . L-l) 
by Theorem 17.161 after noting that with in place of X^, the definitions of 

Section [7.11 lead to the same mazy-pair iy,v*. If — A the argument 

which applies to the second term on the right of (|7.21(l in the proof of Theorem 
17.171 equally applies here to show that the term on the right of H7.24|l is equal to 
F{u'",u^^,L — 1) via Theorem 17. 161 The required result follows in this d^ > d^ 
case. 

In the case for which d^ = dQ, we have 6-1- A G {0,p'} whereupon Lemma l?).llf 4) 
again implies H7.24|l . Again, Theorems 17.161 and 17 . 1 71 vield the required result. □ 

7.6. The mn-system. Equation H1.31|l defines the vector n in terms of rh and 
u = + u^. The summands of H1.40|l have ra-i = Qi for Q < i < t whereupon, 
via H1.33|l . it follows that ?ii e Z for 1 < i < t. Moreover, on expressing (|1.3HI 
in the form Ui = —^{C*rh — — u^)i, we see that the non-zero terms in (ll.4Uf) 
have each rii > 0. (On examining the proof of Lemma 17.111 we find that rii is the 
number of particles inserted at the ith stage of the induction performed there.) 
Equation (|1.41() follows immediately from the following lemma. 

Lemma 7.20. For < j <t, 

t 

Proof: In view of the definition H1.28|l . only i — j — l,i=j and i ~ j + 1 contribute 
in the summation. Since Cj+i.j = —1, the lemma holds for j = 0. 

Now consider j > 1 and let k be such that tk < j < ife+i. The definition of {li}l^i 
shows that if j < tk+i then Ij+i = Ij + yk and if j = tk+i then /j+i — yk- Since 
Cjj = 2 in the former case and Cjj — 1 in the latter case, IjCjj+lj+iCj+ij — Ij—yt 
in both cases. For j — 1, we readily find h = yk = I thus giving the required result. 

For J > 1, a similar argument shows that if j — I > tk then Ij — Ij-i + yk 
and if j — 1 ~ tk then Ij — yk-i- In the former case, Cj-ij = —1, whereupon 
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J2i=j~i hCi^j = 0. In the latter case, Cj-ij — 1, whereupon — 
Ij^i + Uk^i — Vk — 0, with the final equality following because It^ = yk-2 + [tk — 
tk-i ~ l)yk-i ^ Vk - Uk-i- □ 

The summation over m = may therefore be carried out 

by finding all solutions to (|1.42() with rii e Z>o for 1 < z < t (the set of solu- 
tions is clearly finite), and then using (|1.^^2|l to obtain the corresponding values 
(mi, 7712, • ■ • ,rnt~i). 
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8. Collating the runs 

In this section, we show that Takahashi trees for a and b enable us to obtain a 
set of F{u^, u^, L) whose sum is x^'^ ^{L). 

8.1. Pulling the drawstrings. This section provides a few preliminary results 
that are required to make use of the Takahashi trees. 

Lemma 8.1. Let /lx, ti* ,1^, v* he a mazy-four in the {p,p')-model sandwiching {a, b). 
Ifd^>2 then 

— ^.p.p' ^'r^ J^i' • • • '^rf^-i'^'i^'*' 1 I /'r^ J'^i' • • • '^rf^-i'^^S^' ^ 1 

- Xa,b,c\^) ) ,,* I,* II* ■u*( '^^a.Ac\^)] II* II* li,r-u*{' 

Ifd^>2 then 

p,p' \ Vi,...,V,in_A 

Xa,b,cy^> 1 ,,*• ,y* ( 

— vP'p' (r\ i ^ ; i'l) • • • ) \ , p,p' (T\ j 1^ ; '^i' • • • > i'd^-ii ^'dB \ 

X.a,b,c\-'^) 1 ,,* f X.a,b,c\-'-') 1 ,,*. ij \ ' 

' ' I^A* 1 5 • • • ! '^d^-i^i^dR ) I^A* ) f'l ) • • • ) i^dR-V ^rf'* J 

Proof: In the first case, since a is between /x^t and /i^^, and /x^t and /x^^ are both 
between Hd'^-i and At^L.i, it follows that each path h with ho = a that attains 
/U^i,_j, necessarily attains fx^L or yu^^,. Thence: 

- ^aAcl^J l^j, . . . J ^"'''■'^^ ^ ImL • • • ,M:._i,Md-;»'*/ ' 

Then, since the latter two sets are disjoint, the first part of the lemma follows. The 
second part follows in an analogous way. □ 

In the above lemma, it is essential that d^ > 2 for the first expression, and 
d^ > 2 for the second expression, since the two expressions don't necessarily hold 
if = 1 and d^ = 1 respectively. The following two lemmas deal with that extra 
case. 

Lemma 8.2. Let Q < n* < a < ji < p' and Q<v*<b<v<p'. If n < v* or 
v < H* then: 

Proof: Let h G 'PabcW whence Hq = a and Hl = b. In the first case a < ji < 
y* < b, so that hi = /j. for some i and hi' = v* for some i'. Thus h is certainly 
an element of one of V^X^iL) { y;, }, ^^^^(L) { }, Vli^{L) { }, and 
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^a'fe c(^) { ■1' }' ^i^*^^ these four sets are disjoint, the lemma follows when a < 
li<v*<h. 

When V < fi*, the lemma follows in an analogous way. □ 



Lemma 8.3. Let < /x* < a,b < fj, < p' and p' = fi ~ ^* . If p is such that the 
sth band of the {p,p')-model is of the same parity as the (s + ^*)th hand of the 
(p,p')-model for 1 < s < p' — 2/^ then: 



xl'UL) 



where a = a — u* , b = b — u* and 

2 if c — u* > and 

c — u* otherwise. 



{b+l)p 




(b-l)p 


p' 




p' 


(6+l)p 




(6-l)p 






P' 



Proof: Let /i £ ^a'hc(^) whence ho = a and /i^ = 6. If /i^ = /i for some z with 
< i < L, or hi' = /i* for some i' with < < then h is an element of one 
of the disjoint sets { ^i:. }, ^aX(i) {^-i:' ^aX(^) {f i;;. }, and 

Otherwise ^* < hi < for < i < whereupon setting h[ ^ hi — for 
< i < L, defines an element of Pf'? ,(-^)- Clearly, every element of T'f'? ^(L) 

arises uniquely in this way. The sequence of band parities between heights /i* + 1 
and /Lt — 1 of the (p,p')-model being identical to that between heights 1 and p' — 1 of 
the (p,p')-model, guarantees that the contribution of the ith vertex to the weight 
of the path is identical in the two cases h and h' , except possibly when i = L and 
either c = u* on c = u. After noting the assignment of parities to the 0th and 
{p' — l)th bands as specified in Note 12.1 1 we see that this discrepancy is rectified 
by switching the direction of the final vertex whenever b is interfacial and either 
c = u* or c — u. Then wtih') = wt{h). The lemma follows. □ 



Note 8.4. Lemmas and \fi.'A will be employed with fi* = 0, /i = p' . u* = 
or P = p' ■ Then, at least two of the terms on the right side of the expressions in 
Lemmas \8.1^ and \8.'A are automatically zero. 

8.2. Constraints of the Takahashi tree. Let 1 < a < p' and consider the 
Takahashi tree for a that is described in Section ll. 61 Let ai-^^i^...i^ be a particular 
leaf- node. From this leaf- node, obtain {tj, cr^ , Aj}^^]^ as in Section [TTTI The next 
result shows that {tj , aj , Aj } satisfies the definition of a naive run that was given 
in Section [TtI We will then refer to {tj, aj, Aj}j^^ as the naive run corresponding 
to (the leaf- node) Oi-^i^.-.i^. 

^^In general, there is no guarantee that such a p exists. 
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Lemma 8.5. For 2 < j < d, if Aj = Aj+i then aj < tj, and if Aj =/= Aj+i then 

(Jj < Tj. Also (Td < Td- 

Let d> \ . If 2 < j < d, or both j — I and ai <tn, then 
^i+i = *C('Tj-i) if ^j+i = Aj-; 

and if tn < ai < t then 

T2=tn~l i/A2=Ai; 

T2 = tn - 1 i/ A2 ^ Ai and c„ > 1; 

T2 = tn-2 if A2 ^ Ai and c„ = 1. 

Proof: For 2 < j < d, the description of Section [TTBl imphes that there exists x such 
that: 

0'ili2---ij-l ~ '^iii2---ij-lij-l ~ {~^) ^ ^ ^x] 
(liii2---ij-i ~ 0.iii2---ij-rij-l ("1) ^ 

The prescription of Section fl.Tl then imphes that aj = x if ij ^ ij-i, and aj ~ x + 1 
if = ij—i- Since = fliii2---ij-2i fliii2---ij-20? Oiiii2---ij-20 < o < 12 ■ ■ -ij -2 1 1 and 
aiii2 - ij-i0 < a < aiii2 - ij-iii it foUows that < and thus that a; + 1 < Tj. 

It now foUows that if Aj+i ^ Aj then aj = x < Tj, and if Aj-|_i = Aj then 
(Tj = a; + 1 < . That ad < foUows similarly: the case ad — Td is then excluded 
since otherwise aiii2 - iti-2i£i-i — ^iii2---id ~ '^^ ^^'^ former of these would label a 
leaf-node. 

The prescription of Section [1.71 also implies, via (|8.1|) . that KTj+i = ^^x+i ~ i^x = 
UCix) — '**c(^)' ^^sX Tj+i = ^^(k). This immediately yields: 



T. 



j+i - 



as required in this 2 < j < d case. 

If a < ?/„ + Uri-i = Kt„+i then ao = and ai = k^+i for some whereupon 
T2 = So with A2 = —(—1)'^ and = k^.^ , we obtain: 



T2 



_ / ic(<Ti-i) if A2 = -1; 

if A2 = +1. 



Since Ai = — 1 in this case, this is as required. Note that there is exactly one case 
here where ai ^ tn, and that is when ii = and ai = i„ + 1, whereupon A2 = — 1 
and CC^i — 1) = — 1 as required. 

If a > (c„ — l)yn = p' ~ i^t„+i then oq = p' ~ k^+i and ai — p' — for some x, 
whereupon T2 = tc{x)- So with A2 = —(—1)'^ and aj-^ — p' — i^an we obtain: 



T2 



*C(<Ti-i) if A2 = +1; 



k(<yi) if A2 = -1- 
Since Ai = +1 in this case, this is as required. Note that there is exactly one case 
here where ai ^ t„, and that is when ii = 1 and ao ~ tn + 1, whereupon A2 = +1 
and C(o'i — 1) — 1 as required. 

If ki/n + y-n-i < a < {k + l)yn for I < k < Cn — 2 then ao = i^t^+k and 
ai = p' — Htn+i-k-i so that ao E T and ai G T'. Then: 

Kt„_i if c„ > 1; 



Vn - Vn-l = 



Kt„_2 if c„ = 1. 
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We now claim that Ai ^ A2 in this case as required. This follows because if 
zi = then Ai = +1 and A2 = -(-1)" = -1 and if ii = 1 then Ai = -1 and 
A2 = -(-l)i-+l. 

If kyn < a < kyn + Vn-i for 2 < fc < c„ - 2 then ao = _p' - Kt„+i-fc and 
fli = Kt„+k SO that flQ e T' and ai e T. Then Kt-^ = Un-i = i^t„^i- We now claim 
that Ai = A2 in this case as required. This follows because if zi = then Ai = — 1 
and A2 = -(-1)° = -1 and if ii = 1 then Ai = +1 and A2 = -(-1)^ = +1. □ 



Lemma 8.6. Let {Tj,(Tj, Aj}^^^ be the naive run corresponding to the leaf-node 
'^iii2---id~i0 of the Takahashi tree for a. Then 

k 



m=2 



I Ko-j if Ai = -1; 

[p'-K,^ lfAl = +l, 



for 1 < k < d, and 
for 1 < k < d. 



Proof: The prescription of Section ll.7l implies that k-t^ ^ = o,iii2---ik-ii~'^iii2---ik-i0j 
whence A^+i = -(-!)*'= implies that ai^i^...i^^ = flj^i^...,^ + A^+ik^^^^ for 1 < /c < d, 
thus giving the second expression. 

By definition, = k^_^ if flj^ G T and thus Ai = —1; and = p' — k^^ if 
flij e T' and thus Ai = +1. This gives the k — 1 case of the first expression. 

The description of Section II. 61 implies that — (— l)**"-! (aiji2...,j^_j — ai^i^...i^_^i) > 
for z G {0,1} and 2 < k < d. When i = 1^, Section [TTI specifies that this 
expression equals Ko-^- Thereupon, we obtain aiiia - ifc-iifc = aiii2---ik-i " AajKo-^. 
The lemma then follows by induction. □ 



8.3. Gathering in the Takahashi tree. As described in Section [TTI each leaf- 
node aiiia - id-iO of the Takahashi tree for a gives rise firstly to the naive run 
{Tj,aj, Aj}j^-^ and then to a vector u e U{a) by H1.21|l . For the particular leaf- 
node Oijij-.-i^ we will denote this corresponding vector by u{a;ii,i2, ■ ■ ■ ,id-i)- 
Note that A(u(a; zi, 12, . . . , Zd-i)) = A^. 

For vectors tx(a; zi, Z2, . . . , Zd-c-i) and ji, j2, ■ • ■ , arising from leaf- 

nodes of the Takahashi trees for a and h respectively, the following lemma iden- 
tifies a set of paths for which i^(tt(a; zi, Z2, . . . , Zdi-i), ji, j2) ■ • ■ j -^^) is 
the generating function. The lemma makes use of the following definition: 

if S < Kt^] 

if s > p' - Kt„ ; 
if s < Kt^; 

if S > p' — Kf„ . 

(Outside of the ranges given here, So(s) and Si(s) are not defined and not needed.) 



So(s) = 
2i(.) = 





P' 
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Lemma 8.7. Let 1 < a,b < p' , let aiii2---i^L lO a leaf-node of the Takahashi tree 
of a, and let bj-^j2...j^j^ be a leaf-node of the Takahashi tree ofb. If b is interfacial 
in the {j),p')-model, set c G {& ± 1}. If b is not interfacial in the {p,p')-model, set 
c = 6 + A(m(6; ji, j2, ■ ■ • , jd«-i))- 

(1) // Kt^ < < p' ~ Kt„ and ^ ^1 ^ p' ~ i^tn then: 

p,p' (T\ I "^^i ' ^ili27 ■ ■ ■ 7 '^ili2---i^l,_i i ^jn ^jljii ■ ■ ■ J ^ili2 • • -j^i?. _ ^ I 



= F{u{a;ii,i2, ■ ■ ■ ,-id^-i),u{b;ji, j2, ■ ■ ■ , jd'^-i), L). 

(2) // fljj < Kt^ or flij > p' — Kt^ , and Kt„ ^ thj^ < p' — fit„ then: 

1^ ^i(aii), Oil, Oij^ij, . . . , Oiji2...,^j^_^ ; , fojijg, • ■ ■ , ^iij2---7dH„i 

= F(M(a;ii,i2, • • . , id^-i), Ji, j2, ■ • . , jd^-i),^)- 

(3) // K(„ < %j < p' — Kjj^ and, frj^ < or > p' — Kt^ then: 

n Oiii2, ■ • ■ , ^iii2---i^L ^-i'^ ^o(&Ji), ^ji , ^j-^j^, . . . , ^jij2---j^fi_i 



x^;L(i) 



■■»dt_i; "i(^i)' ^1' ^jij2' ■ ■ • ' ^, 



(4) // flij < Kt„ or %j > p' ~ Kt„ , a?JcJ, < «*„ or bj_^ > p' — Kt^ then: 

^,p' ^j^^ J '^o(oii ), Oij , a^jij , . . . , Oij^i2...i^^_^ ; £Lo(%i ), ^ji , ^jij2 , • • ■ , ^iii2---Jdfi_i 1 
[^■^i(oii), o, J , Oijj2, • ■ ■ , Oiii2---i^f,_j ; ^i(^i), ^1, ^ji72' • ■ • ' bjij2---']^R_i j 

= F(M(a;ii,i2, . . . , i^t^i), ji, j2, • ■ ■ , jd«-i), ■^)- 

Proof: Let the leaf-node Oij^ij - i^i lO of the Takahashi tree for a give rise to the run 
{tj" ,aj , Aj}j^^ as in Section [TTI Likewise, let the leaf-node ^jij2 - j,jh_iO of the 
Takahashi tree for b give rise to the run {t-^, af, Aj^}^^^. Lemma states that 
{rj-^aj , A'j}f^i and {r^, crj^, Aj^}^^^ are both naive runs. 

Using these naive runs, define and /Xfc for < A; < d''", and for < fc < 
d^, and dp and as in Section l7.ll Then, Lemnici lS.GI stcLtes that cii.^i^...i^_-^i^ — //^ 
and aii,2 -i.-i*fc = Mfe for 1 < /c < d^, and bj,j2-j^_,j, = vl and bj,j2...j^_^j^ = Uk 
for 1 < fc < d^. 

Now consider < 0,^ < p' — Kt„ - If 07^ e T then k^l > Kt^ which implies 
that erf > tn- If Ojj £ T' then p' — k^l < p' — Kt„ which also implies that trf > tn. 
Similarly Kt^ ^ %i ^ p' ~ ^t„ implies that erf > t„. Then dg = rf^ = 1, whence 
the first part of the lemma follows directly from Theorem 17.161 after noting that 
A^H = A(M(6;ji,j2, • • ■ , jd«-i))- 

If a-jj < Kt^ then a-j^ G T whereupon erf < t„, Af = —1 and d^ — 0. If 
Oil > P' ~ i^tr^ then G T' whereupon erf < t„, Af = -1-1 and dg = 0. The second 
part of the lemma now follows directly from Theorem 17. 161 after again noting that 
^% = A{u{b;ji,j2, ■ ■ ■ JdR-i))- 
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The remaining two parts follow analogously. □ 

Lemma 8.8. Let 1 < a < p' , and 2 < 6 < p' — 1 with b interfacial in the (p,p')- 
model, a^T U T' and b ^ T UT'. Setce {b± 1}. 

(1) // Kt^ < fljj < p' — Kt„ o,nd ^ ^1 ^ p' ^ i^tn then: 

= ^ F{u{a]i'-^,i'2,...,i'aL_i)-,u{b;j[,j'2,...,j'j^R_-i),L). 

(2) // flij < Kf^ or flij > p' ~ Kt„ , dnd Kt„ < l£ p' ^ i^t^, then: 



= F{u{a;i[,i2,...,i'aL^i):U{b;j[,j!2,...,j'aR_^),L). 

u(a;i'i,i2,---,i^i_i)eW(a):ji=il 
u{b;j[ ,j'2,---,j'^B,_-^)eU{b) ■][ =ji 

(3) // Kf„ < flij < p' — Kf^^ and, frj^ < or > p' — Kt^ then: 



= F{u{a;i[,i2,...,i'aL_i),u{b;j[,j!2,...,j'aH^^),L). 

^i(a;^^,^2,...,^^J^_-^)GW(a):^'^ — ii 
u(b;j[,j'2,...,j'^n_i)<^U(b) =ji 

(4) // < Kt^ or fljj > p' — Kt^ , and, bj_^ < Kt,^ or bj_^ > p' — Kt^ then: 



= Y Fiuia;i'i,i2,-.-,i'dL_i),u{b-j[,j2,...,j'^n,_^),L). 

it(a;i'i,i2,...,i|ji,_j)GW(a):i'i=ii 
"(by'I J'2.---J'^«_i)62^(''):j;=il 

f Note that in each of the above sums, the values of d^ and d^ vary over the elements 
ofU{a) andU{b).) 

Proof: Since a ^ T U T' and b ^ T ^T' , the Takahashi trees of a and b each have 
more than one leaf-node. The results then follow from Lemma |8.7I and repeated 
use of Lemma 18.11 □ 

Note 8.9. // either a £ T UT' or b £ TuT', then we obtain analogues of the four 
results of Lemma \8.8l (obtaining sixteen cases in all), which we won't write out in 
full. Each such case is obtained from the corresponding case of Lemma \H.8[ bu. if 
a £T {JT' (so that oq — ai — a), omitting the column containing ai-^ and and 
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ifbCzTUT' (so that bo = bi = b), omitting the column containing bj^ and bj^. For 
example, if a E T U T' and b ^ T U T', then the appropriate analogue of Lemma 
W^i) states that: 

If a < Kt^ or a > p' — Kf^ , and Kt^ %i l£ p' ~ '^t„ then: 

^-^-(^n2i(a);%J 



Fiu{a]i[,i'2,...,i'aL^:L),u{b;j[,j'2,...,j'an_i),L). 

ii(a;i'^,i2,...,*|^j^_^)(=^/(a):ji— ii 

Note further that if a G TuT' thenU{a) contains just one element, and likewise, 
if b E T (J T' then lA{b) contains just one element. 

The following two theorems make use of the following definition of c in terms of 
parameters that will be specified in those theorems: 



(8.2) 



'2 if c = e„ > and [^^J 

c=<p'-2 ifc = ^^+1 < p' and 
c — Ci) otherwise. 



|^(6+l)pJ _ 


^(f,-l)pj 







1; 



{b+l)p 1 _ 


[b-l)p 


I p' \~ 


p' 



1; 



|^(b+l)j9j _ 


(b-l)p 




P' 



Note that if b is interfacial, then certainly 



Theorem 8.10. Let 1 < a < p' , and 2 < 6 < p' — 1 with b interfacial in the 
(p,p')-model. Let 77 be such that < a < ^ij+i and 77' be such that ^n' < ^r/'+i- 
Set c e {foil}. 

L If ri — rj' and < o- cind S^ri < b then: 



^'P (L) 



F{u\u^,L) + ^1^{L), 

u^eU(a) 



where p' = ^ri+i — P = ^ o. = a — b = b — S^r; and c is given by 
2. Otherwise: 



x: 



Proof: There are many cases to consider here. 

For the moment, assume that a T U T' and b ^ T UT' so that the Takahashi 
trees for a and b each have at least two leaf-nodes. In particular, we have oq < a < 
fli and bo < b < bi, and certainly S,ri < a, and < b. If Kt^ < a < p' — Kt^ and 
Kt„ < b < p' — Kt^ then Kt„ ^ clq < ai < p' — Kt^ and Kt„ < < ^ p' ~ '^t,,- 
Thereupon, if 77 7^ ry', combining Lemma 18.21 and Lemma |8.8r i^ gives the required 
result. If T] = rj' , combining Lemma 18.31 and Lemma l8.8r i) gives the required result 
after noting that Lemma lE . 1 II implies that the band structure of the (p,p')-model 
between heights + l and ^,,+1 — 1 is identical to the band structure of the {p,p')- 
model. 
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If ao < ai < Kt,^ then ^o(ao) = ^o(ai) = and ^i(ao) = Si(ai) — Kt^. When 
Kt„ < bo < bi < p' ~ Ktri, use of Lemma [8.8( 21 and Lemma [8.11 yields : 

= F{u{a;i[,i2,...,i'aL_i),u{b;j[,j!2,...,jaB_i),L). 

u(a-A\,i'^,...,i'^L __^)eU(a) 
u{b;j[,j'2,...:j'^jt_-^)'EU{b) :][ =ji 

Then, since < a < Kt^ < b, Lemma gives the required result. 

If ao < oi = Kt^ then we can use the same argument as in the above case, after 
noting that: 

^,P'P' (T \ } ^o; 1 _ p,p' J oo; feji 1 

= F{u{a;i[,i2,...,i'aL_i),u{b;j[,j'2,...,j'^n^i),L), 

where the first equality is a consequence of (the analogue of) Lemma |5. 61 and the 
second follows from Lemma [8. 8( 1). 

The case p' — < ao < 0,1 is dealt with in a similar fashion, again using 
Lemmas I8.8f 2). [8. II and 18.21 and additionally if ao = p' ~ Kt^, Lemmas 15.61 and 

Eai). 

Each of the remaining cases for which a ^ T U T' and 6 ^ T U T' is dealt with 
in a similar fashion, using the appropriate part(s) of Lemma 18.81 

Now if either a G T U T' or & G T U T' (so that = 1 or d''^ = 1 respectively), 
then the result also follows in a similar way, making use of the appropriate analogue 
of Lemma 18.81 as described in Note 18.91 □ 



Note 8.11. 1. An analogue of Lemma \8. 7| that deals with the case of b being non- 
interfacial in the {p,p')-model and c — b ~ A(m(6; ji, j2, • ■ • , Jd^-i)) obtained 
upon replacing (in each case) F{u{a; ii, 12, . . . , id^-i), u{b; ji, ^'2, . . . , j(j«-i)i L) by 
F{u{a;ii,i2, ■ ■ ■ ,id'-^i), u{b] ji, j2, ■ ■ ■ , jdR-i), L). The proof of this result is iden- 
tical to that of Lemma \8. ?| except that Theorem \ 1. 1 ?| is used instead of Theorem 

2. An analogue of Lemma \8.8\ that deals with the case of b being non-interfacial 
in the {p,p')-model orb G — 1}, is obtained upon, whenever the second summa- 
tion index is such that A(m(6; jj, ^2, . . . , j'^R_i), L) ~ b — c, replacing the summand 
F{u{a;i[,i2, . . • ), uib^j'^^j'^, . . • ), L) by F{u{a ■,i[,i2, . . ■,i'dL_i ), 

■•^(^i Jiii2j ■ • • >id«-i )' -^)- This follows from the use of Lemma \8. 7| the modified 
form of Lemma \8. ?| described above, and repeated use of Lemma \8.1\ as in the proof 
of Lemma \8.8l The analogues of those results described in Note \8.^ also follow. 

Theorem 8.12. Let 1 < a, 6 < p' with b non-interfacial in the {p,p')-model. Let rj 
be such that < a < ^,,+1 and r]' be such that £,rj' <b < $,,'+1. Set c G {6 ± 1}. 
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1. If rj — r\' and < a and < 6 then: 

where p' = ^,,+1 — p — ^,,+1 — a ~ a — b — b — S^,^ and c is given by J^H.'^) . 

2. Otherwise: 

xiijL)^ E nn'^^u^^L) + E ^(«^«'',^)• 

Proof: With Note l8.lT1 in mind, this theorem is proved in the same way as Theorem 
QUI □ 

Theorems IS . lOl and lS . 1 2l prove the expressions given in (|1.37() and (|1.43() respectively. 
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9. FeRMIONIC CHARACTER EXPRESSIONS 

In this section we obtain fermionic expressions for the Virasoro characters Xr'f ■ 
In the first instance, in Section I^TI these character expressions are in terms of the 
Takahashi trees of s and b, where 6 is related to r by H1.10|l for some c G {&±1}. From 
these expressions, in Section [9. 21 simpler fermionic expressions for Xr's terms of 
the Takahashi tree for s and the truncated Takahashi tree for r are derived. 



9.1. Taking the limit L oo. In order to obtain fermionic expressions for the 
characters Xr's j take the L — > oo limit in (|1.37|) and H1.43|l . However, this 
cannot be done immediately: it is first necessary to change variables in (|1.4()|l . To 
this end, given X — {Tj,aj,Aj}j^^, we define N{X) = {Ni, N2, . . . , Nt^), where 
for 1 < i < ti: 

{0 if 1 < « < CTd; 

i - (Jd if CTd < i < Td; 
Td-dd \iTd<i<ti. 

Then define: 



X n 

t-i 

X n 

j=ti + i L 



1 (l]j=ti Q 



-I 9 



-I 9 



where the sum is over all (rrit^ , nrit^^i, . . . , rrit^i) = {Qt-^ , Qti+i, . . . , Qt-i), and over 
all n = (ni,n2, . . . ,ntj) such that 



(9.1) 



where (ui, U2, ■ ■ ■ ,ut) = u'^+u^. Here, fi is defined by (|1.18|l . and the t-dimensional 
vector rh and the {t — l)-dimensional vector m are defined by: 



(9.2) 



m = (0, 0, 0, . . . , 0,TOti+i, mf • . . , mt-i); 
m = (0, 0, . . . , 0,r7itj+i, ■ . ■ , rrit-i), 



where the appropriate number of zeros have been included. In addition, — 
X{a,u^) and = X{b,u"), as defined in Section ITTI 

For u G U{b) and u = u{X) with X = {tj, <Tj, Aj}j^i, we also define cr(it) = ad 
and A(w) = A^. 

The results of this section involve the subset U{b) of U{b) defined by: 

U{b) = {ue U(b) : a{u) = 0, 
(9.3) < 6 + A{u) <p' =^ [bp/p'\ + \{b + A(m))p/p'J , 

6 + A(m) e {0,p'} =^ y < 2p}. 

Correspondingly, we define U^{b) = U^{b) r\U{b). 

The results that follow are valid in both cases p' > 2p and p' < 2p. 
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Lemma 9.1. Let 1 < a,b < p' , and let e U{a) and G Uih). Then set 
(gi,Q2,...,Qt-i) = Q(M^+M^). 

1. Ifu^ eU{b) then: 

F{u^,u^,L)=q^^F*{u^,u^,L). 

2. If i U{b) then: 

F{u^,u^, L) = F*{u^,u^, L). 

Proof: In the expression p.40|l for F{u^,u^,L), the summation is over variables 
{™i}i=i with mg — L. Here we exchange {m.i}*i;0^ ^'-'^ {"-iliLi using the mn- 
system. Since mo = L is fixed, a constraint amongst the required. In 

accordance with (|1.29|) and (|1.3U|) . set Ui = i(rni_i — 2TOi+mi+i+Ui) for 1 < i < ti, 
and set nt-^ = ^(7714^^1 —mt^ — mj^+i+uj^). For 1 < j < ii, we immediately obtain: 

tl tl 
TUj-i - ruj = niti+i + ^(2nj - Ui) = 2^ n^. 

Thereupon, for < j < ii, 

tl 

(9.4) TUj = mti +2 ^ (i - j)ni. 

i=j+i 

The J = case here yields the constraint (I9.1|l . Additionally, if rh* = (mo, mi, m2, 
. . . , mt_i), we obtain: 

tl 

Cm^ — L = 2^ (mfe_i — m^:) + rh Cm = Ah Bh + m Cm 

k=l 

Now restrict to the case p' > 2p so that ti > (all the above is valid in the ti = 
case, although it's mainly degenerate). Let = {tj, aj, Aj}j^i and AT = N{X^). 
If (Td <ti < Td then (u^ + M^)i = S^^^i - 6ti,i for 1 < i < tl. If < < ti then 
(it^ + u^)i ~ Sa^,i — Sr^,i for 1 < z < tl. Thereupon, for < era < ti, 

/ r R\ / \ / r n\ I if ''"d 5: ti 

(it,, +it/) • (mi,m2, . . . ,m,t_i) = (it^ +m/) • m + m^^ - <^ 

mti if Td > tl 



(u^' + uP) ■m + 2N -h. 



and for Ud — 



, r p. , N / r Rn I if Td < tl 

« + itf) • (mi,m2,. .. ,mt_i) = « + M *) -m- <^ .„ 

ymti itTd>ti 

= (m^ + uf) ■m + 2N - h- L, 

having used (|9.4|) in each case. In the case p' > 2p and ad < ti, the lemma 
then follows from the definition of F{u^,u^,L), after noting that the definition 
of Section [lTUI imphes that j'{X^,X"^) = "f{X^,X^) unless both ad = and 
^ U{b), in which case y{X^,X'^) = j{X^,X'^) - 2L. 
In the case p' > 2p and ad > ti, the lemma follows after noting that 

(9.5) (m^ • (wi,m2, . . . ,mt_i) = (wf + ^f ) ■ m, 
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N = 0, and y{X^,X^) = 'y{X^,X^) in this case. 

In the case p' < 2p so that ti — 0, eq. (|9.5|l also holds. The lemma then follows 
in this case after noting from Section OUI that -/'{X^,X") = -f{X^,X") + 2L if 
(Td = and either [{b + Ad)p/p'\ ^ [bp/p'\ or 6 + G {0,p'}, whereas otherwise, 

Note that although the set of vectors U{b) is identical in the cases of the {p,p')- 
model and the {p' — p,p')-model, those which fall into the first category in 
Lemma [9. II differ in the two cases. 

We can now obtain limi_,oo it^, L). The result involves F*{u'",u^) de- 

fined by: 
(9.6) 



(0*171 — U 



where the sum is over all vectors m = (tojj_|_i, ■ ■ ■ i "m-t-i) such that m = 

{Qti+ i,Qti +2, ■ ■ ■ ,Qt-i), and over aU n = (ni,n2, . . . ,ntj, and as above, we use 
(trm and (lOJ- We set = X{a,u^). When m« e U{b), we set X" = X{b,u'^), 
but if u" = u+ with u+ € U{b) then we set X^ = X+ where X = X{b,u). We 
also set nit = 0. 

Lemma 9.2. Let 1 < a,b < p' , e U{a) and G U{b). 
1. Ifu^ eU{h) then: 

lim F{u^,u^,L) = 0. 



2. Ifu" i U{h) then: 



lim F(u^,u^,V)=F*{u^,u^) 



Proof: We use the notation in the proof of Lemma Fy.ll If ti + 1 < j < i note that 
CjiTTii depends on mt^ only if j ~ ti + 1, and then Cjt^ = —1. Otherwise, 
for ii + 1 < j < we have Y^lzl Cjiirii = (C Tn)j. 

In view of (|9.4|l and since mo = L, taking the limit L ^ oo effects mt^ oo. 
The current theorem then follows from Lemma l9 . II after noting that 



lim 

m — >oo 



m + n 


— lim 


m + n 


n 


m — >oo 

9 


m 



1 



(9)r 



□ 



Theorem 9.3. Let 1 < a < p' , and 2 < b < p' — 1 with b interfacial in the {p,p')- 
model. Set r — \_{b + l)p/p' \ . Let rj be such that < a < Cr)+i o-nd rj' be such that 

L If rj — rj' and < a and f,, < r then: 

(9.7) x'r'X'= E F*iu\u'') + xf;f, 

u'^&A(b)\U(b) 

where p' = - p = - d = a - f = r - 
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2. Otherwise: 

(9.8) x?:^'= E F*{u\u^). 

u'^eU(b)\Uib) 

Proof: To prove these results, we take the L ~> oo hmit of the resuhs given in 

Theorem I8.1(JI Since b is interfacial, we may choose either c G {fe ± 1}. After 

^^^^^ / / 

checking that < r < p, l|1.13|l gives hm^^oo Xq',?,c(^) = Xr.a ■ 

Now note that if G Lemma l^^^ l) imphes that HmL^oo F{u^,u^ , L) — 

0. For the remaining terms where G U{b)\JA{b), Lemma I9.2f 2) impHes that 
hm^^oo F{u^ , u^, L) — F*{u^, u^). Then in the case a = ^ri, taking the L oo 
hmit of Theorem 18.1 Of 2) immediately yields the required H9.8I) . 

Hereafter, we assume that a > Define 77" such that < 6 < C»)"+i and set 
b — b ~ ^1,". Since, by Lemma |E.10I is interfacial and neighbours the ^^th odd 
band for 1 < i < 2cn — 2, it follows that < r < £,ri"+i- 

Consider the case rj" ^ r/. Now if rj' = rj then r = C»?"+i ^^^d thus 77' = 77" + 1 
so that r = ^jj. So whether 77' ^ 77 or 77' = 77, we are required to prove (|9.8|) . This 
follows immediately from taking the L — s- 00 limit of Theorem 18. iur 2) which holds 
because rj" ^ 77. 

The case 77" = 77 spawns three subcases: r — £^,1; r — £,ri+i', < r < We 
consider each in turn. 

If r = 1^,, then it is required to prove H9.8|l . Since b is interfacial and neighbours 
the rth odd band, then 77 > and either 6 = or 6 = + 1. In the former 
case, we take the L — > cxo limit of Theorem 18.1 Of 2') to obtain the desired H9.8|l . 
In the latter case, b — 1 and from (|8.2() . c — 2. It then follows from H1.12I) that 
limL^oo xf' f f (i) = 0, and thus Theorem ICTI l) yields the desired 

If r = ^,,+1 then 7/' = 77 + 1, so that again it is required to prove (|9.8() . Here, we 
necessarily have b = ^,,+1 — 1, and so 5 = $r)+i ^ 1 ~ Cjj = p' — 1. Then c — p' — 2 
from (|8.2(l . Then H1.12|l again implies that liniL^oo x^'g = 0, and thus Theorem 
KW( 1) yields the desired (jHSJ. 

If < r < then 77' = 77, and < 6 < ^^+1. Thus Theorem l8.10r i') 

applies in this case, and we are required to prove (|9.7() . It suffices to show that 
limi_»oo X^'^g(^) = Xf'a ■ That this is so follows from (|1.13|) because there are 
odd bands in the (p,p')-model below height + 1, and therefore b neighbours the 
(f ^ ^r;)th odd band in the {p,p')-model. □ 

Theorem 19.31 certainly provides a fermionic expression for Xr's when b with the 
required property can be found. However a more succinct expression for Xr's ' ^^'^ 
which works for all r, is obtained in Section lH^^ in terms of the truncated Takahashi 
tree of r. 

Lemma 9.4. Let p' > 2p and 1 < a,b < p' with b non-interfacial in the {p,p')- 
model. If G U{a) and G U{b) then: 



lim F{u^,u",L) = 0. 
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Proof: Let {tj, crj , Ajj'j^^ = X{b,u^) so that ad = o-(m^) and Ad = A(m^). In 
the case ad = 0, the required result follows from the definition H1.45|l after noting 
via Theorem 17 . 1 61 that F{u^,u^,L) is the generating function for certain paths. 

Now consider ad > 0. Let = {Tj,a~ , Aj}j^i, with a~ — aj for 1 < j < d and 
ff- = (jd-l. Then let u^^ = u{X-), using lf]"7T|l . Note that ct(m^") = a{u^')-l. 
We then have < a{u^^) < t — 1, where r is specified by p.44|l . Substituting 
(so that u^^ — !■ and b ^ b+A) into Lcmma rZ.igf l') and rearranging, 

yields: 

(9.9) hm F(n^ L) = P^'"^-"" ^ («^ h^", if + A is non-interfacial; 
L~*oo 1 HmL^oo F{u^ ,u'^ ,L) if + A is interfacial. 

Since b is not interfacial, Corollarv l7.13l implies that ad < ti. Since p'/p has 
continued fraction [cq, ci, . . . , c„], and ti = cq — 1, neighbouring odd bands in the 
(p,p')-model are separated by ti or ti + 1 even bands. If &jij2 - id-iO is the leaf-node 
of the Takahashi tree for b that corresponds to the run {t,-, CTj, Aj}^^]^ then, from 
Lemma ESI b = ^j^-jd-i - Ak,,, = &iii2 -jd-i " A(cr<j + 1), and bj,j^...j^_, is 
interfacial. It follows that if b is non-interfacial, then & + A is interfacial only if 
ad = 1. In this case that 6-1- A is interfacial then a{u^^) — whereupon it follows 
that u^" e Z7(& -I- A) and LemmaESJl) gives limL_^oo F{u^, u^^.L) = 0. 

In the case that ad = 1 and b is non-interfacial, the use of p.45|l again yields 
hniL^oo F{u^ ,u^^ , L) ~ 0. Thus the required result holds whenever a{u^) = 1. 
For a{u^) > 1, the required result then follows by repeated use of (|9.9(l . □ 



Lemma 9.5. Let p' < 2p and 1 < a,b < p' with b non-interfacial in the {p,p')- 
model. Let e U{a) and G U{b). Then: 

lim F{u^,u^,L)=F*{u^,u^+). 

L — 'oo 

Proof: In the case a{u^) > 0, this follows directly from the definition p.46|l and 
Lemma \9.2i 2). In the case a{u^) — 0, it follows from Lemma [7.19f 2) combined 
with Lemma r9.2r 2). on noting that a{u^^) > □ 



Theorem 9.6. Let p' < 2p and 1 < a,b < p' with b non-interfacial in the {p,p')- 
model. Let c G {& ± 1}, let r be given by \2.'d]) and assume that < r < p. Let rj be 
such that < a < and rj' be such that < r < 

L If rj = rj' and < a and < r then: 

(9.10) X^:'a'- E F*{n\u^') + Yl F*iu\u^+) + x^f- 

u'^ eu"-'' (h)\w-* (b) u«ew''~=(6) 

where p' = -£,r,, p = £,r,+i - In, a = a - £,n, f ^ r - l^. 
2. Otherwise: 

(9.11) x'r:t= E F*{u\u^) + E ^^*(«^«''+)■ 

u''eW-\b)\u''-''(b) u"eu''-'={b) 
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Proof: To prove these results, we take the i — > oo hmit of the resuhs given in 
Theorem ISI2 With r as specified, (tTllll gives limL^oo Xaj!,cW = X?-%' ■ 

If e W-''{h) (so that c = b + A{u^)) then Lemma ESJl) impHes that 
\imL-,oo F{u^,u^,L) = 0. If e U''-^{b)\^''~^{h), then Lemma 10^2) imphes 
that hm^^oo u^, i) = F*{u^,u^). For the remaining cases, where G 
W'-^b), Lemma El implies that hmL^oc F{u^ ,u^, L) = Then in 

the case a — taking the L ^ oo limit of Theorem 18. 12r 2') immediately yields 
the required (|9.11|) . 

Hereafter, we assume that a > Cri- The proof is now very similar to that of 
Theorem 19.31 Note that since p' < 2p and b is non-interfacial, b lies between two 
odd bands. Define rj" such that < b < ■^,,"+1 and set b = b — Since, by 
Lemma Hi). 101 is interfacial and neighbours the ^^th odd band for 1 < i < 2c„ — 2, 
it follows that < r < and < b < ^,,"+1. 

Consider the case rj" ^ r\. Now r\' = r\ then r — ^n"^\ and thus rl = 77" + 1 
so that r — ^ri- So whether rj' ^ rj or r/' = r/, we are required to prove H9.11|l . This 
follows immediately from taking the L ^ 00 limit of Theorem 18. 12r 2) which holds 
because 77" ^ rj. 

For the case rj" = rj, Theorem 18. 12^ holds. We consider the three subcases: 
r = ir,; r i^+i; < r < in turn. 

If r = then it is required to prove (|9.11|) . Since b neighbours the rth odd 
band, then 6 = + 1 and c = f,, so that 6=1 and from (|8.2|1 . c — 0. It then 
follows from and ^fTT^ that Um^^oo X^f ~{L) = 0, and thus Theorem EH^l) 
yields the desired (|9.11|) . 

If r = ^,,+1 then 77' = 77 + 1, so that again it is required to prove H9.11|l . Here, 
we necessarily have b = ^n+i — 1 and c — ^,,+1, and so & = ^,,+1 — 1 — f = p' — 1 
and c = p' from Again, hniL^oo X^^f JyL) = follows from and l(TTT^ . 

and thus Theorem 18. 12r i'l yields the desired (|9.11|) . 

If < r < ^^+1 then 7/' = rj. Thus we are required to prove (|9.10|l . Note 
that H8.2|l implies that c = c — To prove H9.10|l . it suffices to show that 
limi_»oo {L) = Y^'^ . That this is so follows from 11.1311 after noting that 

d.b.c ^r.a ' 

because b and c straddle the rth odd band in the (p,p')-model and there are odd 
bands in the (p,p')-model below height + 1, then b and c straddle the (r — C,,)th 
odd band in the (j5,p')-model. □ 

Theorem 19.61 provides fermionic expressions for those Xr's that are not covered 
by Theorem 19.31 In Section 19.21 these two Theorems are subsumed into a more 
succinct expression for Xr's which makes use of the truncated Takahashi tree of r. 

Lemma 9.7. Let 1 < a,b < p' . If G U{a) and u G U{b)\l[{b) with a{u) < ti 
then: 

Proof: Let = X{a,u^), = A(A'^), X = X{b,u), a = a{u) and A = A(m), 
and let X^ and m+ be defined as in Section Fl. 151 Using (|1.24(l . set A = A(A') and 
A+ = A(A'+). On exchanging u^- = u and X^- = X for = tt+ and X^ = X^ 
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in the definition H9.6|l . the only possible changes are in the terms iiF Bfi, N{u^) h 
and -i{X^, X^) (by virtue of changing from A(A:') to 

In the case a — ti, the first two of these are clearly unchanged. From H1.25|l . 
(|1.26|l and H1.27|l . it is easily shown that 74^ ~ ^7ti+i ~ Q^ti+i ~ 2ati+i(/3ti+i + 
(A^)ti+i). Then since (A^)j = for < j < and j3'j is unchanged for < j < ti, 
it follows that 70 is unchanged. The lemma follows in the a = ti > Q case. When 
a = ti — Q (here p' < 2p), the lemma follows after noting that u e U{b)\U{b) 
implies that = 70 and thus = "/{X^,X+). 

For < a < ti, the value of fi^Bn is seen to change by | — (fia+i + ■ • • + "tj, 
and the value of N{u^) ■ n is seen to change by — {ua+i + • • • + fiti ) • Thus to prove 
the lemma it remains to show that 7(1*^, u^) changes by —1. 

For < j < ii, we have 7^ = 7^+1 + 2aj+i(A''')j+i — /3|. Combining the j = a 
and j = a — 1 instances of this and noting that aj = cij+i + Pj, gives: 

7.-1 = 7.+1 + 2a,+i((A^),+i + (A«),) + 2/3,(A^), - ^ - 

for < a < t\. In passing from u to m+, we have that (A''^)o-+i + (A^)cr is 
unchanged, {^^)a changes from A to and Pa decreases by A, with [3j unchanged 
for < J < fj. Thereupon 7(A'^, X^) — 70 changes by —1 for Q < a < ti. 

By the definition of Section II.IUI for tr = and p' > 2p, we have on the one 
hand 'y{X^,X) = 70 + 2Aao whereas 7(A'^, ~ 70 on the other. As above, 
7o = 7i + 2ai(A-")i - /3^. We then see that 70 changes by 2aiA + 2/3oA - 1 = 
2aoA — 1, whereupon the required change of —1 in '^{X^, X^) follows. □ 

9.2. Assimilating the trees. In Theorems 19 . r>l and 19 . 61 of the previous section, we 
obtained fermionic expressions for the characters Xr's terms of the Takahashi 
trees for s and b, where b is related to r by (|1.1U|) for some c G {&±1}. In this section, 
we obviate the need to find such b and c, by obtaining more succinct expressions 
for Xr's ill terms of the truncated Takahashi tree for r and the Takahashi tree for 
s. We do this via a detailed examination of the relationship between the truncated 
Takahashi tree for r and the Takahashi tree for b, where r and b are related as 
above. 

As an example, consider Fig. 1121 where we give the Takahashi trees for both 
b = 119 and b = 120 in the case where {p,p') = (69,223). Each of these values of 
b is interfacial and, in fact, ^^^^^^■^(6) = 37 in both cases. As will be shown in this 
section, for any s, the fermionic expressions for Xar's that result from these two 
trees are identical (up to trivial differences), and furthermore are identical to the 
fermionic expression which results from the use of the truncated Takahashi tree for 
r = 37 that was given in Fig. |2| (The leaf- nodes in Fig. E| that are affixed with 
an asterisk are those for which the corresponding vector g 14 {b). By virtue of 
Theorem 19. 31 these nodes do not contribute terms to the fermionic expression (|9.7|) 
or m for xTvf'-) 

In this section, we will sometimes refer to the Takahashi tree for b as the 6-tree 
and the truncated Takahashi tree for r as the r-tree. Since p and p' will be fixed 
throughout this section, we abbreviate ff'^ (•) to p(-). 

First, we need to extend the results on the 6-tree contained in Lemma 18.61 

Lemma 9.8. Let {Tj,aj, Aj}j^i be the naive run corresponding to the leaf-node 
biii2---id-iO of the Takahashi tree for b. Then, for 1 < k < d, both bi-^^i^...i^_^i^ and 
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Figure 12. Takahashi trees for b = 119 and b = 120 when ip,p') = (69, 223). 



-'llZ2---lfc-lIfc 



are interfacial. Moreover, 



in=2 



*/Al 
«/Al 



and 



// 6 is interfacial and Ud > Q then: 



m=2 

// 6 is nof interfacial and dd > then: 

d 



hp 

7. 



= ^ A„i(k7.^ - kaj) - i(l ± Ad 



m=2 



P - 

\k,, 
1 P - Kff, 



*/Ai 
*/Ai 



«/Ai 
«/Ai 



where the ' — ' si(7n applies when p' > 2p and t/ie ' + ' sign applies when p' < 2p. 

Proof: First consider the case p' > 2p. 

On comparing the definitions of Section fy.ll with the expressions stated in Lemma 



we see that ^iiia - ifc-iu- = '^t ^'^d bi-^^i^...i^_^i^^ — Vk for 1 < fc < c?. Use of Corol- 



lary ^^31 then shows that bi-^^i^...i^_-j^ is interfacial and pibhi2---ik-iik) ~ ^fc' the 
definition of which in Section [7 . 1 1 proves the required expression for p(&iii2-ifc-iifc)- 

In the case of ^uia - ife-iifc ; &rst consider ct/c+i '^k+i- Then Corollary 17.141 
shows that b^^^^...i^^_^j^ is interfacial and p{hii2---ik^iik) - Pibiii2---ik-itk) ^i^k-^l^ 
Afc+iKTj.^j as required. 

If Tfe+i = o-fc+i, consider any leaf-node of the form bi^...i^j^^^i'^^^....,'^^, where 
necessarily d' > k + 1. Using Lemma 18.61 it is easily seen that the corresponding 
naive run {fj, cr^-, A^}^^^ is such that rj = Tj- for 1 < j < A; -I- 1 and a'j = aj for 
1 < j < fc- Moreover, u^^i Uk+i and so (T^._|_i Tk+i- Then the above argument 
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applied to this case shows that bi^i^...i^_^i^ is interfacial and yields the required 
expression for p{h^%2---ik-itk)- 

When ad > 0, CoroUarv l? .141 immediately gives the required expressions for p{b) 
and [bp/p' \ . 

In the case where p' < 2p, note that p' > 2{p' — p). We are then able to use 
the result established above for {p,p') — > {p' — p,p'). If {KjYj^i and {iij}*^^ are 
respectively the Takahashi lengths and the truncated Takahashi lengths for the 
{p' ~ p,p')-mode\ then Lemma lE.21 yields k'j — kj and ii'j = kj — kj for 1 < j < t. 
Lemma IC.4r 2') implies that bi-^i^...i^_-^j^ is interfacial in the (p,p')-model, and that 

— biii2---ik-rik 

The desired expression for pP'^ (^ni2 - ifc-iife) then results from the expression for 
biii2---ik-i'ik given in Lemma |8 . 61 and k'- — Kj and k'^ = Kj — kj for 1 < j < i (the 
J = case is not required because k < d). 

The other expressions follow in a similar way, noting in the final case that 
lbp/p'\^b-l-lbip' -p)/p'\. □ 

In particular, this lemma implies that every node of the 6-tree that is not a 
leaf-node is interfacial. 

Now consider a leaf-node ri^i^...i^ of the truncated Takahashi tree for r, and let 
{fj, (Tj, Aj}^^]^ be the corresponding run. That it is actually a naive run follows 
from the appropriate analogue of Lemma 18.51 We also have an analogue of Lemma 
18.61 which for ease of reference, we state here in full: 

Lemma 9.9. Let {fj, (jj, Ajj^^j^ be the naive run corresponding to the leaf-node 
''iii2 - id-i0 of the truncated Takahashi tree for r. Then 



m=2 



k 

Am (j^f ^ ^<^m ^ 




for 1 < k < d, and 

^ili2---ik-lik 

for 1 < k < d. 



k-i^k + ^k+lKf 



k + l ' 



Proof: This is proved in the same way as Lemma 18.61 □ 

For Lemmas 19 . 101 through and Theorem 19 . 1 51 we let 1 < r < p and select b 
and c such that 6, c G {[rp'/p\, [rp'/p\ + 1} with b ^ c. This ensures that (|1.10() 
is satisfied, and that b and c straddle the rth odd band. If b is interfacial then 
p{b) = r, and in this case we could actually choose either c = 6 ± 1. If 6 is non- 
interfacial then necessarily p' < 2p. It will be useful to note that if {tj, aj, Aj}'j^-^ 
is the naive run corresponding to a leaf-node of the 6-tree then ad <t2- This follows 
from Corollary 17.131 (replacing ti with t2 because we are dealing with the p' < 2p 
case) . It will be also be useful to note that Kj ^ j + 1 and kj = j for 1 < j < f2 + 1 
in this p' < 2p case. 

The next few lemmas will enable us to compare the 6-tree with the r-tree. 
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Lemma 9.10. For 1 < r < p, let b,c E {[rp'/p\, [rp'/p] + 1} with h ^ c. For 
k > 1, let bi-^i^-.-ii^ be a non-leaf-node of the b-tree with pibi-^i^-'-i^) ~ r. Then 
^iii2---ik = b— (—1)''' and bi^i^...i^ is a through-node of the b-tree. If u G U{b) is the 
vector corresponding to the leaf-node 6ij^i2...ij.O; then u G Uib). Moreover, ifb is not 
interfacial then b — c = (—1)''' and u S W^'^{b) 

Proof: p(&ni2 - i/, ) — implies that bi^i^...i^ borders the rth odd band. So does 6 and 
thus l^iiia - ifc — b\^\. The definition of the 6-tree then stipulates that bi-^^i^...i^ is a 
through-node, bi-^i^.-.i^o is a leaf-node and bi^i^...i^ — 6 = —{—iy''K,„^^^. Thereupon, 
i^<jk+i = 1 so that Gk+i = 0- 

For the vector n, we then have cr{u) — and A(m) — —(—1)*'-'. Since b and 
bi^i^...i^ are either side of the rth odd band, we have that \ bp/p'\ ^ \jb+/S.{u))p/p' \. 
Then u G U{b) by definition. In the case that b is not interfacial, then necessarily 
c = biii2 - ik so that c — b= — (— 1)**" = A(u), giving u G W~''{b) as required. □ 

Lemma 9.11. For 1 <r < p, let b,c E { [rp' /p\ , [rp' /p\ + 1} with b ^ c. 

1 ) For d > 2, let bi-^i^...i^_-^ be a through-node of the b-tree with p(&iii2 - id-i) 
and let u £ U{b) be the vector corresponding to the leaf-node bi^i^...i^_-^^Q. Ifb is 
interfacial then u ^ U{b), and ifb is not interfacial then u ^ L('^^^{b). In addition, 
«/nii2---id_i is a node of the r-tree with ri^i2...i^_^ = p(^ni2---id-i) ^^en ri^i^...i^^^ is 
a through-node. 

2) Let bo be a leaf-node of the b-tree, and let u G be the corresponding vector. 
Ifb is interfacial then u ^ lA{b), and if b is not interfacial then u ^ U'^^^{b). In 
addition, rp is a leaf-node of the r-tree. 

Proof: 1) Lemma |8.6I implies that bi-^i^...i^_-^ — b~ A^Kct^, for = — (— 1)*'' and 
some ad. Note that cr(tt) = ad and A(m) = A^. If ad > then u ^ U{b) by 
definition. If ct^ = and b is interfacial, we claim that \bp/p'\ = [{b -\- Ad)p/p'\. 
Otherwise, (Td = and \ bp/p'\ ^ \ {b+ /S.d)p / p' \ imply that bi^i^...i^_^ neighbours the 
rth odd band, as docs b, whereupon noting that fcijia - id-i is interfacial (by Lemma 
I9.8|l . we would have p(&hi2 - id-i) = '^i which is not the case. So tt ^ U{b). If = 
and b is not interfacial, we claim that c = & — A. Otherwise c = + A = bi-^^i^...i^_-^ , 
again implying that pibij^i^...^^ -^) — r, which is not the case. Therefore u G I4^^''{b) 
so that certainly u ^ W^~^{b) as required. 

For ad > and b interfacial, Lemma I^TSl implies that riji^ - id-i — r — AdHa^- For 
ad > and b non- interfacial (when necessarily p' < 2p) , Lemma 19.81 implies that 
Wi2-ici-i - r = Adfiaa or ri^i^...i^_^ - r = Adiii^^ + l) = Ad{k^^+i). In either case, 
the definition of the r-tree implies that ri^i^ - id-i is ^ through-node of the r-tree. 
For ad = 0, bi^i^...i^_^ - b = Ad implies that riji2...i^_j - r = A^ whence ri^i^.-.i^.^ 
is a through-node of the r-tree. 

2) This case arises only if G T U T' so that either b — Kcri or b = p' — n^i for 
some ai. If ci > then immediately u ^ U{b). If cti > and b is interfacial then 
Lemma 19.81 also implies that either r = p{b) = or r = p(b) = p — ka- It follows 
that ro is a leaf-node of the r-tree. If cri > and b is not interfacial then Lemma 
19.81 implies that either \bp/p'\ ~ k^^ or \ bp/p'\ = p — 1 — ka^. Since r — \ bp/p'\ or 
r = \ bp/p' \ -\- 1, and noting that p' < 2p and ai < t2 here, it immediately follows 
that ro is a leaf-node of the r-tree. 
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If 0"! = then either b ~ 1 and Ai ~ —1, or b = p' — 1 and Ai = 1 (this case 
only arises when p' < 2p) . That I < r < p forces c = 2orc = p' — 2 respectively: 
i.e. c = 6 — A(j so that u G U^^'^{b) and thus u ^ W^^^{b) as required. We also have 
r=lorr=p— 1 respectively so that Tq is a leaf-node of the r-tree. □ 

Lemma 9.12. For 1 < r < p, let b,c G { [rp'/pj , [rp' /p\ + 1} with b ^ c. 

(1) For k > 1, let bi-^i^-.-i^ be a branch-node of the b-tree and riyi2...i^ a node 
of the r-tree such that p{bi^i2---ik) = fiii2---ik ^- V Pihii2 - ikh) = r for some 
h e {0, 1}, then ri^i^...i^ is a through-node of the r-tree. 

(2) Let the b-tree nodes bo and bi be such that bo =/= bi with p{bh) — r for either 
h = or h = 1. Then r g T U T' and rg is a leaf-node. Set k = for what follows. 

(3) Let h,k,ii,i2, . . . ,ik be as in (1) or (2) above. There exists a unique d > k-\-2 
such that if we set ik+i = ■ ■ ■ = id-i = h then foiiia-'-id-iO is a leaf-node. The vector 
u € U(b) corresponding to this leaf-node is such that u ^ when b is interfacial, 
and u € lA^~'^{b) when b is not interfacial. In addition, ifk-\-2<j<d then 
biii2---ij_2h = b—(—l)^ and bi^i2...i^_2ho is a leaf-node. In each of these instances, the 
corresponding vector u G l^ib) is such that u £ U{b), and also such that u G 

when b is not interfacial. 

If {Tj,aj, Aj}j^^ is the naive run corresponding to the leaf-node 6iii2 - id-iO then 
Tj — (Tj for k + 2 < j < d and Aj = (—1)'' for k + 2 < j < d. In addition, 
CTd + I ~ Td < ti + I in the p' > 2p case, and crd -\- 1 — Td < t2 -\- 1 in the p' < 2p 
case. If b is interfacial then ti < (Td + 1. 

Proof: (1) Consider a leaf-node of the form b^^ ^j^ . Lemma 18.61 shows that 
biii2---ikh — ^ui2 - ifc + (— 1)''°K(T for some a. Lemma f9.8l then shows that bi-^i^.-.i^h 
and 6iii2 - ifc are both interfacial with p{bi^i^...i^h) = pibiii2---ik) + Since 
^iii2 --»fe = P(^iii2 - ifc) and p{bi-^i2...if.ii) — r, the definition of the r-tree stipulates 
that ri^i2...i^ is a through-node. 

(2) Consider a leaf-node of the form fc^ . Lemma Wl^ shows that either 6;^ = Ko- 
or = p' — Ka for some a. Lemma 19.81 shows that bi^ is interfacial and pibi^ ) = 

or p{bi^ —p—ka respectively. Then r — p{bi^) UT' and the definition of the 
r-tree stipulates that rp is a leaf-node. 

(3) biii2---ikh is a non-leaf-node of the 6-tree. Use of Lemma l9.1(JI shows that 
it is a through-node and that the vector u G U{b) corresponding to the leaf-node 
biii2---ikho is such that u G V({b), and also such that u G U'^^^{b) when b is not 
interfacial. With A = (—1)'', Lemma fO . 1 01 also shows that bi^i.^...i^h = b — A, and 
if b is non-interfacial then A — b — c. 

b X is a non- leaf-node of the 6-tree and is thus interfacial. p(b - t) ¥^ r 
since otherwise one of bi^i^.-.i^h and ^j^j^ - ifc/I would necessarily be equal to b. So 
either ^'j^^j^ - ifcTi i^ ^ through-node or a branch-node. In the former case, let u GU{b) 
be the vector corresponding to the leaf-node b^^^^ ^j^^. If b is interfacial, Lemma 

19. Ill implies that u ^ U{b), and if b is non-interfacial then A(tt) = —(—!)'' = A = 
— c so that u G U^~'^{b), as required. 
In the case that b r is a branch- node, there exists no a such that b ■ -r — 
Akct = b. However, if r is such that Kr = b^^i^.-.i^i - bij^^^.-.i^o, then b^^.^,,,.j^ - 
Akt — bi-^i^.-.i^h ~ b — A, whereupon the definition of the &-tree stipulates that 
^iii2---ikhh = bi^i2---ikh and b.^.^,,,^^j^j^ = - Akt^i. 
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Since pib^_^^^,,,^jii^) = r, the node b^^^^,,,^j^ now satisfies the same criteria as did 
biii2---ik- We then iterate the above argument until we encounter a through-node 
of the form b^^^^,,,^^j^ji,,,ji. This must eventuaUy occur because the 6-tree is finite. 
Then as above, the vector u ^U{b) corresponding to the leaf-node ^ij^i2-ifc7i7i-/iO ^® 
such that u ^ U{b) when b is interfacial, and u e h&^'^{b) when b is not interfacial. 
Set d to be the number of levels that this leaf-node occurs below the root node. 
Then also as above, for k + 2 < j < d we have bi-^^i^...i^i^j^-^^...i-_^h — b — IS. and that 
the vector u GU{b) corresponding to the leaf-node bi^i^...i^i^^^...i-_2ho is such that 
u € U{b), and also satisfies u e U^^^{b) when b is not interfacial. This accounts for 
all descendents of bi^i^...i^. 

Since &ii - ij_2«3-i ~ - for fc + 2 < j < d, it follows from Lemma 18.61 that 

Tj = (jj. For k + 2 < j < d, that Aj = (—1)'' follows immediately from ij^i = h 

Finally, we have 6ii...i^_2,^_j = bi^...i^h = b — A, and from Lemma f8. 61 we have 
^ii - id-i - bi^-td-2id^i = ^i^Td and b = bi^....i^_^ - AK^d- Together, these imply 
that Kctj = ^1- In. the p' > 2p case this can only occur if cr^ + 1 = < ^i + 1, 
whereas in the p' < 2p case this can only occur if (t^ -I- 1 = Td < t2 + 1- In addition, 
since bij^...i^_-^ is interfacial with p(bi-^...i^_-^) ^ r, and odd bands in the (p,p')-model 
are separated by at least t\ even bands, b — bi^...i^_^ — Ak„^ implies that if b is 
interfacial then t\ < = CTc; + 1 which completes the proof. □ 

Lemma 9.13. For 1 <r < p, let b,c ^ { [rp' /p\ , [rp' /p\ + 1} with b ^ c. 

(1) For k >\, let bi-^i^...i^. be a branch-node of the b-tree and riyi2...i^ a node of 
the r-tree such that p(biyi^...i^) ~ ri^i^...i^ ^ r. If 

then ri-^i^-.-i^. is a branch-node of the r-tree and moreover p(foiii2---ifco) = fiii2---ikO 

and p(6iiJ2---ifei) = ''jiJ2---ifei • 

(2) Let bo and bi be nodes of the b-tree such that p(6o) < r < p{bi). Then rp 
and ri are nodes of the r-tree with p(6o) = ''o o-nd p{bi) = ri. 

Proof: (1) The definition of the 6-tree implies that there exists x such that: 

biii2---ikl — biii2---ik + l^x+l—ik- 

By choosing an appropriate leaf- node, Lemmas 18.61 and 19 . 81 then imply that 
p{biii2---iko) — p{biii2---ik) + {-^y'''^x+ik, 

Pibiii2--lkl) P{bhl2---ik) + (-l)*'K:r+l-»fc- 

By hypothesis, r is strictly between these values. Since pibi-^i^.-.i^) = ri-^i2...i^, ^ 
r, the definition of the r-tree stipulates that ri-^i^.-.i^, is a branch-node and that 

^ili2---ik0 P{biii2---ikO) and ri^i^-'-ikl^ Pibiii2---ik^)' 

(2) There are four cases to consider depending on which of the sets T and T' 
contains bo and 6i. We consider only the case where bo,bi E T: the other cases are 
similar. 

The definition of the 6-tree shows that there exists ai such that bo ~ n^-^ and 
bi = Kai+i Lemmas 18.61 and 19.81 implv that p(6o) = and p{bi) = ka^+i- We 
claim that ro = ka^ and ri = Kct^+i. This is so because k^-^ < r < Ko-^+i and if 
there were any elements of TuT' strictly between k^-^ and k^i+i then, via Lemma 
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IE.5r i). there would be elements of T^jT strictly between and Hai+i whereupon 
the description of the 6-tree would not then yield 60 = and 61 — k^-^+i- □ 

Lemma 9.14. For 1 < r < p, let b, c E {[rp'/p], [rp'/p] + 1} with h ^ c. For 
d > 1, let bi^i2...i^_j^i^ be a leaf-node of the b-tree and let {tj , aj , Aj}'j^-^ be the 
corresponding naive run. Assume that ''iii2 - id_iij ^ leaf-node of the r-tree for 
some d with 1 < d < d, and let {fj,(jj, Aj}^^-^ be the corresponding naive run. 
Then fj = Tj and Aj = Aj for 1 < j < d, and a.j — aj for 1 < j < d. 

If either both d < d and p{bi^i^...i-__ii~) — r, or both d = d and b is interfacial, 
then CTj = maxjcTj, ti + 1}. If d — d and b is not interfacial then 




(Jd if c-h = Ad; 

fjrf + l if c~by^ Ad- 



Proof: We first claim that p{bi^...i^Q) ^ r and p{hi^...i^i) 7^ r for < fc < d — 2. 
Otherwise, let k be the smallest value for which the claim doesn't hold, so that 
p{bii---ikh) = r for some h £ {0, 1}. If fc = (in which case d > 2), then Lemma 
I9.12r 2'l shows that rg is a leaf-node, whereas if /c > 1 then Lemma f9.12r i') shows 
that ri-^...i^Q is a leaf-node. This contradicts the hypothesis that ri-^i^...i- ^0 is a 
leaf-node, thus establishing the claim. 

Lemma inHni now shows that p{bi^...i^o) = ni-.-i^o and p{bi^...i^i) = ri^...i^i for 
< fc < c? — 2. Comparison of Lemmas 19.81 and 19.91 then shows that tj = tj for 
^ ^ j ^ d, and aj = aj for 1 < j < d. That Aj = Aj for 1 < j < is immediate 
from their definitions. It remains to prove the expressions for a^. 

li d > d > 1 then Lemma |9.8I implies that \p{bi-^...i^ ^) — p{bi^...i- = Ko-^. 
Thereupon, — r| = k^-^ so that k^^ — On noting that = 1 if and 

only ifO<i<ti4-l, the required result follows here. 

If d = d > 1 with b interfacial (and thus p(b) = r), a similar argument applies 
when ad > 0. If Urf = then \bi^...i^_-^ — 5| = 1 so that, noting that - ^ 7^ r, 
then necessarily \ri-^...i.__^ — r| = 1 and thus crj = ii + 1. 

U d > d = 1 then Lemma implies that p{bi^) — k^^ or p{bi^) = p — Kctj. Since 
r = p(bi-^), we then immediately obtain k^- — ka-^, from which again the desired 
result follows. 

If d = d ~ 1 with b interfacial (and thus p(b) — r), a similar argument applies 
when CTi > 0. The case ci = is excluded here since then either bo = 1 or 
60 = p' ~ 1, neither of which is interfacial. 

Now consider d = d and b being non- interfacial (so that p' < 2p and ad < ^2)- 
Here r = [bp/p'\ -|- ^(c — 6 -|- 1). li ad > 0, Lemma [9.81 then yields: 

r = p(&Ji---»d-i) - ^dkaa + i(c - 6 - Ad). 

Then, since r = ri^...i^_^ - Adk^^ = p(6jj...i^_J - Adk^^, we obtain A^Ka-^ = 
Adk^^ — i(c — 6 — Ad): from which the required expressions for ad follow after 
noting that ad < t2. 

If CTd = then bi-^...i^_-^ = 6 4- Ad, and we claim that c — b — Ad. Otherwise 
^ii - id-i = b—Ad ~ c which is interfacial and thus p(6ij...i^_j^) — r, contradicting the 
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fact that ri^...i^_^ = p{bi^...i^_-^) is not a leaf-node. It now follows that \ri-^...i^_-^ — 
r\ — 1 and so (Jd = ii + 1 = 1 in this case, as required. □ 

Theorem 9.15. For I < r < p, let b,c G { \rp' /p\ , [rp' /p\ + 1} with b ^ c. 

1) If b is interfacial then there is a bijection between U(b)\U{b) andhl{r) such 
that if u maps to ii under this bijection, then: 

(9.12) F*{u^,u) = F*{u^,u), 

for all G U{a) with 1 < a < p' . 

2) If b is not interfacial then there is a bijection between U{b)\U'^^^{b) andlA{r) 
such that if u maps to u under this bijection, then: 

^F*{u^,u) ifueW'-^b); 
F*{u^,u+) ifueU''~''{b), 



(9.13) F*{u^,u) 
for all G U{a) with 1 < a < p' . 



Proof: We will describe a traversal of the &-tree level by level (breadth first) starting 
at level one. During the traversal, the r-tree is constructed level by level, and certain 
nodes of the 6-tree are eliminated from further consideration. 

At the fcth level (fc > 1) this process will ensure that we only examine non- 
leaf 6-tree nodes ^ii - jt. for which Hj-.-ij. is a node of the r-tree and for which 
p{bi^...i^) 7^ r. Consider such a node bi^.-.i^^. This node is either a through-node, 
a branch-node for which p{bi-^...i^h) = r for some h e {0, 1}, or a branch-node for 
which p{bi^...i^o) < r < p{bi^...i^i). We consider these three cases separately below. 
However, we will also deal simultaneously with the analogous three cases that arise 
when k — 0: the root node being a through-node, p{bh) — r for some h £ {0, 1}, or 
p{bo) <r< p{bi). 

In the case that fc = and the root node is a through-node, or fc > and 
bi-^-.-i^ is a through-node, set d = fc -I- 1 so that bi-^...i^_-^Q is a leaf-node of the 6-tree 
and, by Lemma li^.H! rij...i^_jO is a leaf-node of the r-tree. Let {Tj,(Tj, Aj}^^^ and 
{fjjdj, Aj}'j^i be the respective corresponding naive runs, and let u e W(6) and 
u € U{r) be the respective corresponding vectors. Lemma ll). 1 ll shows that u ^ U{b) 
if b is interfacial, and u ^ U'^^^{b) if b is not interfacial. For the required bijection, 
we map ii with H9.12|l and H9.13(l yet to be demonstrated. 

Lemma 19.141 shows that Tj = f j for 1 < j < d and aj — dj for 1 < j < rf. In the 
case that b is interfacial. Lemma f9. 141 gives Ud = max{crd,ii + 1}. If crd > ii + 1 
then u = u and H9.12|l holds trivially. Otherwise, (|9.12|) follows by using Lemma 
19.71 (possibly more than once). In the case that b is not interfacial, note first that 
u G U'^''{b). For Ad = c — b, Lemma [9.141 shows that ad = (Jd whence u = u and 
(|9.13|l holds trivially. For = b — c, Lemma [9 . 141 shows that (t^ = (t^ + 1 whence 
u ~ and H9.13(l holds trivially. We exclude examining the leaf-node &ii...i^_iO in 
our subsequent traversing of the &-tree. 

We now deal with the cases in which either both fc = and the root node 
is a branch-node, or both A; > and - is a branch- node. If, in this case, 
p{bii - ikh) — f for some h G {0,1}, Lemma r9.12f l.2^ shows that ri^...i^__^o is a 

leaf-node of the r-tree where d = k + 1. Let {r, , CTj , Ajj^^j^ be the corresponding 

naive run, and let u G ti{r) be the corresponding vector. Lemma I9.12f 3) shows 
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that there is a unique d> k + 2 for which bi-^...i^_-^o is a leaf-node with ik+i = ■ ■ ■ ~ 
id-i — h. Let {tj, aj, Aj}'^^^ be the corresponding naive run, and let u e U{b) be 
the corresponding vector. Lemma f9.12r 3) shows that u ^ U{b) if 6 is interfacial, 
and u G U^~^{h) if h is not interfacial. For the required bijection, we map it i— » m 
with Il9.12|l and (|9.13() yet to be demonstrated. 

Lemma 19.141 shows that Tj — fj for 1 < j < d and aj — aj for 1 < j < d with 
cjj = maxjcTj, + on noting that d > k+1 = d. Then ctj = cj because otherwise 
d > d implies that < crj < ti which cannot occur in a naive run. Lemma l9.12r 3l 
also shows that Tj — <jj for d + 1 < j < d^ and (7^ + 1 = < ti + 1 for p' > 2p 
and ad + 1 — Td < t2 + 1 for p' < 2p. Therefore, u = u + Ua^^aa+i so that tt+ = u. 
In the case of b being non-interfacial, (|9.13() follows immediately. In the case of b 
being interfacial and ad < ti, the use of Lemma f9 . 71 proves (|9.12|l . We now claim 
that the case of b being interfacial and ad > ti does not arise here. First note that 
necessarily p' < 2p so that ti = 0. Lemma r9.12r 3') implies that bi^...i^_^h = b — Ad 
so that both b and b — Ad are interfacial, and separated by an odd band. This 
implies that ^2 = 1 (by considering the model obtained by toggling the parity of 
each band). So 0-^ = ^2 = 1 and = 2. Now b-^^^ -^ = 5 + AdK^^ = b + 2Ad 
is interfacial. The definition of a naive run implies that either Td = tk for some fc, 
or Td = tn — 1. Thus either tj, — 2 or both ^3 = 3 and n — i. Lemma |E.12I now 
confirms the above claim. 

Lemma I9.12f 3) also shows that all leaf-nodes other than bi^...i^_^Q that are 
descendents of bi^...i^. yield vectors u G U{b) when b is interfacial, and vectors 
u £ W^~^{b) when b is non-interfacial. Thus we exclude examining all nodes that 
are descendents of bi-^...i^, in our subsequent traversing of the &-tree. 

In the case in which either both fc = and the root node is a branch-node, or 
both fc > and bi^...i^ is a branch-node, we consider p{bi^...ij^Q) < r < p{bi^...i^i), 
Lemma |9 . 1 31 shows that both rij...i^o and ^^^...^^1 are non-leaf-nodes of the r-tree 
with the value of neither equal to r. Each will be examined in traversing the next 
level of the &-tree. 

Once this recursive procedure has finished, the r-tree will have been completely 
constructed from the 6-tree. In addition, in the case of b being interfacial, an explicit 
bijection will have been established between the leaf-nodes of the &-tree which yield 
vectors u G U{b)\U{b) and the leaf-nodes of the r-tree. Since the corresponding 
bijection between u e U{b)\U{b) and u e l^{r) satisfies H9.12|l in each case, the 
theorem is proved for b interfacial. Similarly, in the case of b being non-interfacial, 
an explicit bijection will have been established between the leaf-nodes of the &-tree 
which yield vectors u G U{b)\U''^^{h) and the leaf-nodes of the r-tree. Since the 
corresponding bijection between u G U{b)\U'^~^{b) and u GU{r) satisfies (|9.13|l in 
each case, the theorem is proved for b non-interfacial. □ 

We are now in a position to prove the fermionic expressions for all Virasoro 
characters Xr,'s that were stated in p. 16(1 . For convenience, the cases of the extra 
term being present or not are stated separately. 

Theorem 9.16. Let 1 < s < p' and 1 < r < p. Let rj be such that ^jj < s < ^ij+i 
and rj' be such that <r< 
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1. If rj = T]' and < s and S^ri < r then: 

(9.14) x?:r= E ^(«^«'') + xf;f, 

where f>' = - p = - s = s - f = r -S,^. 

2. Otherwise: 

(9.15) x?:r'= E ^(«^«'')• 

Proof: First note that if tt^ e U{r) then f7(if'^) > ti + 1. In the notation used 
for H9.5|) . this guarantees that N{u^) = and (w^ + m^'') • m = (U^ + u^) ■ rn. 
Thereupon F*{u^,u^) = F{u^,u"). 

Let b be equal to one of [rp' /p\ and [rp' /p\ + 1, and let c be equal to the other. 
If b is interfacial, the application of Theorem 19. 15^ to the two cases of Theorem 
19.31 now yields l|9.14|l and H9.15|l . Similarly, if b is non-interfacial, the application of 
Theorem |niI3 2) to the two cases of Theorem 19.61 also yields (19.14(1 and ((9.15(1 . □ 
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10. Discussion 

In this paper, we have shown how to write down constant-sign fermionic expres- 
sions for all Virasoro characters Xr's > where 1 < p < p' with p and p' coprime, 
I < r < p and 1 < s < p' . The first step in this process constructs a tree for s 
from the set T U T' where T is the set of Takahashi lengths associated with the 
continued fraction of p' /p, and T' is a set of values complementary to T. A tree 
for r is constructed in a similar way using the set T U T', where T is the set of 
truncated Takahashi lengths associated with the continued fraction of p'/p, and 
T' is a set of values complementary to T. A set U{s) of vectors is obtained from 
the leaf-nodes of the first of these trees, with each leaf-node giving rise to precisely 
one vector. Similarly, a set U{r) of vectors is obtained from the leaf-nodes of the 
second of these trees. Each pair of vectors G W(s) and G W(r) gives rise to 
a fundamental fermionic form F{u^,u^). In most cases, taking the sum of such 
terms over all pairs u^,u^ yields the required fermionic expression for Xr's ■ This 
expression thus comprises |Z^(s)| • fundamental fermionic forms. In the re- 

maining cases, in addition to these terms, we require a further character x?'? . The 
process described above is now applied to this character. Thus in general, writing 
down the fermionic expression for Xr'f is a recursive procedure. It is interesting 
to note that the number of fundamental fermionic forms comprising the resulting 
fermionic expressions for Xr's i varies erratically as r and s run over their permitted 
ranges. A similar observation was made in for the expressions given there. 

Expressions of a similar nature are provided for the finitized characters x^'^ c(^)' 
where 1 < p < p' with p and p' coprime, 1 < a, 6 < p' and c = 6 ± 1. These 
finitized characters are generating functions for length L Forrester-Baxter paths. 
The fermionic expressions here involve a sum over all pairs , with G 
U{a) and G U{h): the sets U{a) and U{h) having both been produced using 
the set T U T'. If 6 satisfies (|1.36f) . each term in the sum is the fundamental 
fermionic form F{u^ , u^, L). For other values of 6, each term in the sum is either 
F{u'",u^,L) or F{u'" , L), where the latter is itself a linear combination of 
terms F{u^ ,u, L') for various u and L'. The fermionic expression for Xa''b d^) 
also sometimes involves a term x^'g . (L) whence, like the fermionic expression for 
Xr'f , it is recursive in nature. For b satisfying H1.36(l . the expressions obtained 
for Xa'b c(^) genuinely fermionic in that they are positive sums over manifestly 
positive definite F{u^,u^,L). For b not satisfying H1.36|l . this is not the case. 
Nonetheless, whatever the value of 6, after some work, the fermionic expressions for 
Xr'f described above emerge from these expressions on taking the L oo limit. 

By using the Takahashi trees that give rise to the sets U{a) and U{b), it is 
possible to characterise the set of paths for which F{u^,u^,L) or F{u'",u^,L) 
is the generating function. In the former case, this set of paths is specified in 
Lemma 18.71 as those which attain certain heights in a certain order. It is a similar 
set of paths in the latter described in Note 18. Ill The corresponding term 

F{u'",u^) that forms a component of the fermionic expression for Xr's ma-y then 
be seen to be the generating function of a certain set of paths of infinite length. 
However, it is somewhat unfortunate that characterising these latter paths requires 
the construction of the Takahashi tree for a suitable 6, whereas in forming the 
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fermionic expression for Xr's i the construction of such a tree has been superseded 
by the construction of the truncated Takahashi tree for r. 

In fact, this and many aspects of the proof of the fermionic expressions for Xr's 

hint that perhaps Xa bd-^) ^'-'^ most natural finitization of Xr's ■ These 
aspects include the need to temporarily redefine the weight function to that of 
(|2.5|l . the frequent need to treat the cases p' > 2p and p' < 2p separately, the 
appearance of S^'^ and in Corollaries l5 . 81 and l5 . 101 the appearance of terms 

F{u^,u^,L) in the fermionic expression for Xa'6c('^) ^^^^ vanish as L — > oo, and 
the difference between the definitions of ^{X^ , X^) and ^'{X^, X^) in Section irTTH 
A more natural finitization may lead to a better combinatorial description of the 
characters Xr'f • This, in turn, would be of great benefit both in the analysis of the 
expressions given in this paper as well as in the construction of the corresponding 
irreducible representations of the Virasoro algebra. 

It is also intriguing that the constant term j'y{X'" , X^) varies relatively little on 
running through the leaf-nodes of the Takahashi tree for s and the leaf-nodes of the 
truncated Takahashi tree for r. Moreover, these values are also close to the negative 
of the modular anomaly A^'f — ^c^'^ • This hints at the fundamental fermionic 
forms F{u^,u^) themselves having interesting properties under the action of the 
modular group. 

Equating the fermionic expression for each Xr'f with the corresponding bosonic 
expression given by (|1.2|) yields bosonic-fermionic g-series identities. Furthermore, 
H1.4|l or (|1.5(l provides a product expression for the character Xr's ™ certain cases. 
Equating each of these with the corresponding fermionic expression given here 
yields identities of the Roger s-Ramanuj an type. In addition, equating the fermionic 
expression for each finitized character Xa'bc(^) with the corresponding bosonic 
expression ()1.9|l yields bosonic-fermionic polynomial identities. 

Finally, we remark that further fermionic expressions and identities for Xr'f may 
be produced by instead of using the set T U T' to obtain the Takahashi tree for s 
and the set T U T' to obtain the truncated Takahashi tree for r, using either just 
the set T U {kj} or the set T' U {p' — Kt} in the former case, or using just the set 
T U {kt} or the set T' U {p — kt} in the latter case. However, such expressions for 
Xr'f are not as efficient as those given in Section ^ in that they involve as least 

as many terms F{u'",u^) and sometimes more. In addition, an extra term x?'? 
might be present when the expression of Section ^ requires no such term. Similar 
comments pertain to the finitized characters Xa'6c(^)- "^^^ definitions of Section 
II. 131 must be suitably modified to accommodate these additional expressions. 

Looking ahead, the question now arises as to whether the techniques developed 
in this paper can be extended to deal with the characters of the Wn algebras, 
the n = 2 case of which is the Virasoro algebra. The RSOS models that pertain to 
these algebras are described in |29[ 135115^ . As yet, fermionic expressions for the Wn 
algebra characters are available only in very special cases 22 , 39 , 16 , 4.6 , 4C)Li X -4^ ■ 
In particular, the expressions of [7ll45| have led to a number of elegant new identities 
of Rogers- Ramanujan type. 
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Appendix A. Examples 

Here, we provide three examples of the constructions of the fermionic expressions 
that are described in Section 

A.l. Example 1. Let -p' = 109, -p — 26, r — % and s — 51. Thenp'/p has continued 
fraction [4,5,5], so that n = 2, {tfc}Lo = {-1,3,8,13}, t = 12, {yfe}L-i = 
{0,1,4,21,109} and {2fc}L-i = {1,0,1,5,26}. The sets T, T', T and T of 
Takahashi lengths, complementary Takahashi lengths, truncated Takahashi lengths 
and complementary Takahashi lengths are: 

T = {ni\Y=^ - {1, 2, 3, 4, 5, 9, 13, 17, 21, 25, 46, 67}; 

r' = y - kJ^^Io = {108, 107, 106, 105, 104, 100, 96, 92, 88, 84, 63, 42}; 

^ = {^a"4-{l,2,3,4,5,6,ll,16}; 

r' = {p - = {25, 24, 23, 22, 21, 20, 15, 10}. 

Using these, we obtain the Takahashi tree for s = 51 and the truncated Takahashi 
tree for r = 9 shown in Fig. 1131 




46 63 6 10 

\ XX I \ 

51 50 54 9 9 

I I 

51 51 

Figure 13. Takahashi tree for s = 51 and truncated Takahashi 
tree for r = 9 when p' = 109 and p = 26. 

Since these trees have three and two leaf-nodes respectively, \il(s)\ = 3 and 
\U(r)\ — 2. Thus for the current example, the summation in (|1.16|) will be over six 
terms F{u^,u^). To determine whether the additional term x?'? is present, we 
obtain following the prescription of Section [1.131 

{^49^0 = {0, 21, 25, 42, 46, 63, 67, 84, 88, 109}; 
{6}Lo = {0' 5, 6, 10, 11, 15, 16, 20, 21, 26}. 

Then, since r]{s) = 4 ^ fi{r) = 2, that additional term is not present. 

As described in Section lTTTI each leaf-node of the Takahashi tree for s gives rise to 
a run X. For the three leaf-nodes present when s = 51, we denote the corresponding 
runs by , X2 , X^ . Similarly, as described in Section 11.71 each leaf node of the 
truncated Takahashi tree for r gives rise to a run X: for the two leaf-nodes present 
when r = 9, we denote the corresponding runs by X^,X^. These sets are given 
by: 

Xt = {{13, 7}, {10, 4}, {1, -1}} X^ = {{13, 7}, {11, 6}, {1, -1}}, 

Xi^ = {{13, 7, 3}, {10, 5, 0}, {-1, 1, -1}} X^ = {{13, 7}, {9, 4}, {-1, 1}}, 
A-g^ = {{13, 7, 3}, {10, 6, 2}, {-1,1,1}}. 
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From these, using H1.21|l . we obtain uf = u^Xf") for i = 1,2, 3, and itj^ = u{Xp) 
for J = 1,2: 

= (0,0,0,1,0,0,-1,0,0,1,0,1), < = (0,0,0,0,0,1,-1,0,0,0,1,1), 
= (0,0,-1,0,1,0,-1,0,0,1,0,0), Mf = (0,0,0,1,0,0,-1,0,1,0,0,0), 
= (0,1,-1,0,0,1,-1,0,0,1,0,0). 

So U{s) = {uf,u^,ui^} andZ^(r) = {uf,u^}. 

Setting Af = A(A;^) and Af = A{Xf-), we also obtain: 

A[ = (0,0,0,-1,0,0,1,0,0,1,0,-1), Af = (0,0,0,0,0,-1,1,0,0,0,1,-1), 
A^ = (0,0,1,0,1,0,-1,0,0,-1,0,0), Af = (0,0,0,1,0,0,-1,0,-1,0,0,0), 
Af = (0,1,-1,0,0,1,-1,0,0,-1,0,0). 

For i e {1, 2, 3} and j G {1, 2}, let m|j^ — {u^^,+uf^)■m for m = (to4, ms, . . . , tou), 
and 7y = ^{X^" , X^). These are respectively minus twice the hnear term and 
four times the constant term that appears in the exponent in H1.40|l . Via the 
prescriptions of Section ITl^ and n~TT)l we obtain: 





= m4 


— TO7 - 


1- "711, 


711 = 


-42; 


'"•21 


= TO5 


— TO7 - 


1- mil. 


721 = 


-42; 


"^31^ 


= rriQ 


— mj - 


\- mil. 


731 = 


-43; 




— TO4 


— TO7 - 


h 7779, 


712 = 


-42; 


"1-22' 


= "I5 


— 7717 ~ 


h niQ, 


722 = 


-42; 


"^■32' 


= me 


— 7777 - 


h 7779, 


732 = 


-43. 



Let n^^) = Bh+jirn^ Cm with h — [fii, 772, 773) and m — {m^, 7775, . . . , mn). 
Then, via the descriptions of C and B given in Section [TTTl we obtain: 

n(2) ^ + n2 + "3)^ + ("2 + "3)^ + "3 

+ i (m^ + (7774 - 7775)2 + (7775 - 7776)2 + (7776 " rujf + [mr - m^f 
+777g + (7719 - 7nio)2 + {mm - 77711)^ + 777^^) . 

Now let My = wf + ttf for i e {1, 2, 3} and j G {1, 2}. These together with the 

values of Q^j — Q{uij) obtained using C* or C (or even via H1.29|l and H1.30|l ) as 
described in Section [1.121 are: 



Mil 


= (0,1, 


-2,0,0,1,1,2), 


Qii 


= (1,1,1,0,1,1,1,0) 


W2I 


= (1,1, 


-2,0,0,1,1,1), 


Q21 


= (0,0,1,1,1,0,1,1) 


W3I 


= (0,2, 


-2,0,0,1,1,1), 


Q31 


= (1,1,1,1,1,0,1,1) 


W12 


= (0,0, 


-2,0,1,1,0,1), 


Q12 


= (1,1,1,1,1,0,0,1) 


W22 


= (1,0, 


-2,0,1,1,0,0), 


Q22 


= (0,0,1,0,1,1,0,0) 


M32 


= (0,1, 


-2,0,1,1,0,0), 


Q32 


= (1,1,1,0,1,1,0,0) 
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In this case, (I1.16|l yields: 



where 



E 



26,109 
X9.5I 



EE 

i=i j=i 



F 



ni ,n2fi-i 
m=Qij 



{q)n^{q)n2{q)nM)r. 



i(TO4 



2(^5 + 7717 + (MjjOe) 

me 

i(TO7 + TOg - TOg + (WyOs) 
\{mg + TOii + (Mij)io) 

mio 



h 7776 - 
7775 

K™6 - 



7778 + (My)7) 
7777 



7)7.10 + («y)9) 
7779 



77711 



where m = {rrii^m^,. 



,mii) and 771 = 711 - ^{u,ij)i, 77,2 — 772 



773 — i (14^ )3 + ^7774. The summation here extends over an infinite number of terms 
because the values that 77i, 772, 773, 7774 can take are unbounded. 

We now seek a fermionic expression for a finitization X^i^c^i^) '^^ Xg^si*^^- Cer- 
tainly, we require a = 51, but a number of values of b and c satisfy (|1.1U|) . The 
simplest fermionic expressions (ll.37|) are obtained when b is interfacial. In this 
case, either 6 = 37 or 5 = 38 is interfacial, whereupon either c = b ± I satisfies 
Hl.l()|l . Here we select 6 = 38 and c = 39. Thus we use (|1.37(l to obtain a fermionic 

r 26,109 /r\ 

expression for X5i;38,39(^)- 

The Takahashi trees for a and b are given in Fig. 



46 



63 



25 



42 



51 



50 



54 



38 



38 



51 



51 



Figure 14. Takahashi trees for a — 51 and 6 = 38 when p' — 109 
and p — 26. 



The three leaf-nodes of the Takahashi tree for a = 51 give rise to the runs 
X^^X^tX^ which are, of course, exactly as above. The two leaf-nodes of the 
Takahashi tree for & = 38 give rise to runs X^, X^ , which are not exactly as above. 



A'i^ = {{13,7},{10,4},{l,-1}} 



= {{13, 7}, {11, 6}, {1,-1}}, 



Xi = {{13, 7, 3}, {10, 5, 0}, {-1, 1, -1}} Xi' = {{13, 7}, {9, 3}, {-1, 1}}, 
^-3^ = {{13, 7, 3}, {10, 6, 2}, {-1,1,1}}. 



128 



TREVOR WELSH 



From these, using H1.21|l . we obtain uf = u^Xf") for ■ 



1, 2, 3, and uf = u{Xj^) 



for J = 1,2: 

uf = (0,0,0,1,0,0,-1,0,0,1,0,1), uf = (0,0,0,0,0,1,-1,0,0,0,1,1), 

u^ = (0,0,-1,0,1,0,-1,0,0,1,0,0), Mf = (0,0,0,0,0,0,-1,0,1,0,0,0), 
= (0,1,-1,0,0,1,-1,0,0,1,0,0). 

SoW(a) = {uf,uf,ui^} and U{b) = {itf,wf}. 

For i e {1,2,3} and j e {1,2}, defining m[f = (it.^ -r u,^^ 

{L, 1711,1712, . . . , TOii), and 7^'^- = 7('^/'j '^/^)' obtain exactly the values of m^^ 
obtained above, and 7^'^- = jij given above. 

Let m*^^^ = rh Cm — i^. Then, having calculated C as in Section [TTTl we 
obtain: 



ufa) ■ m for m 



(1) 



m 



= {L - niiY + (mi - + (to2 — ^3)^ + "I 



+ (to4 - m^Y + (ms - mg)^ + (mg - my)^ + (my - mg)^ + rrig 
+ (™9-™io)2 + (mi„-mii)2+m?,. 

Then take My = uf + wj^ for i e {1,2,3} and j g {1,2}. These together with 
the values of Q^^ = Q{uij) obtained using C* from Section [1.111 for alternatively, 
obtained via p.29|l and (|1.30|l 1 are: 



Mil = (0,0,0,1,0,1,-2,0,0,1,1,2), 
M21 = (0,0,-1,0,1,1,-2,0,0,1,1,1), 
M31 = (0,1,-1,0,0,2,-2,0,0,1,1,1), 
M12 = (0,0,0,1,0,0,-2,0,1,1,0,1), 
M22 = (0,0,-1,0,1,0,-2,0,1,1,0,0), 
M32 = (0,1,-1,0,0,1,-2,0,1,1,0,0), 



Qii = (0,1,0,1,1,1,0,1,1,1,0) 
Q21 - (0,1,0,0,0,1,1,1,0,1,1) 
Q31 = (0,1,1,1,1,1,1,1,0,1,1) 
Q12 = (0,1,0,1,1,1,1,1,0,0,1) 
Q22 = (0,1,0,0,0,1,0,1,1,0,0) 
Q32 - (0,1,1,1,1,1,0,1,1,0,0) 



Putting all of this into l|1.37|l and 1)1.40(1 produces: 



26,109 (T\ 
X51,38,37>>-'^J 



26.109 (j\ 



i=i 3=1 



where 



m ' — T:m 



(1) 



E 



i(m2+TO3-TO4+(Mij)3)' 
m3 



(L+m2 + (My)i) 

TOi 

j(TO3+m5+(My)4)' 



m4 



(mi+m3 + (Mij)2) 

TO2 

j(TO4 + m6+(Mij)5) 

m5 



i(m5 + TO7 + (Mij)6)' 

i(m8+r7iio + (My)9) 
mg 



i(TO6 + m8 + (M.y)7) 
7717 

i(m9 + TOii + (My)lo) 

mio 



'"i(TO7 + m8-m9 + (My)8)' 



i(mio + (My)ii) 
mil 



Note that the summation here comprises a finite number of non-zero terms. It 
might be better carried out by finding all solutions {ni}J£i of ((1.42|l . where in this 



case, {k} 



12 

1=1 



{1, 2, 3, 1, 5, 9, 13, 17, 4, 25, 46, 67}, and then obtaining {TOi},^ii via 
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(|1.32|l . or via (|1.29(l and H1.3()|l . Note that the Gaussian polynomial terms are then 
best expressed in the form ['"'^"^ j ■ 

The L oo limit of the above expression yields the Virasoro character Xg^si"^- 
In fact, we have lim^^oo Fij{L) ~ Fij for i 1, 2, 3 and j = 1, 2. 

A. 2. Example 2. Let p' = 75, p = 53, r = 17 and s = 72. Then p' /p has continued 
fraction [1, 2, 2, 2, 4], so that n = 4, {ifc}Lo = {^1' 2, 4, 6, 10}, t = 9, {yfc}L_i = 
{0, 1, 1, 3, 7, 17, 75} and {z/c}L-i 0, 1, 2, 5, 12, 53}. The set T of Takahashi 

lengths is then T = {Ki}f^o = {!' 2, 3, 4, 7, 10, 17, 24, 41} and the set T of truncated 
Takahashi lengths is T = {k»}Li = {1, 2, 3, 5, 7, 12, 17, 29}. Since / - s = 3 G T, 
the Takahashi tree for s = 72 is trivial, comprising just one node in addition to the 
root node. This leaf-node gives rise to the run A"^ = {{10}, {2}, {1}}. Similarly, 
since 17 G T, the truncated Takahashi tree for r = 17 is trivial. Its single leaf-node 
gives rise to the run = {{10}, {7}, { — 1}}- From these, we obtain = u{X^) 
and = u{X^) given by: 

= (0,0,0,-1,0,-1,0,0,1), = (0,0,0,0,0,0,1,0,0); 

and = A{X^) and = A{X^) given by: 
A^ = (0,0,0,-1,0,-1,0,0,1), A 



(0,0,0,0,0,0,-1,0,0). 



The procedure of Section Fl.lOl then yields 7(A'^, X^) = —1624. The linear term is 
specified by m'^^^ = {u^ + u^) • m for m = (rni, m2, . . . , wg), whereupon m'-^^ = 
—niQ + rriT. 

Let n^^) — jm^Cm. Then, via the descriptions of C and B given in Section 
11.111 we obtain: 

n^'^') = i (m^ + {nil - -t- + {m^ - m^Y 

+ml + (m5 — mg)^ + nij + {mj - mg)^ -|- ml) . 

Setting u = u^ + u^ and Q — Q{u) obtained using C* or C* (or even via (|1.29|) 
and ULSOfl ). gives: 

11= (0,0,-1,0,-1,1,0,1), Q = (0,0,0,0,1,0,0,1). 

We can now substitute all these values into H1.16|l . We note that the sum com- 
prises just one term F{u^,u^). To determine whether the extra term is present, 
we calculate: 

{Ci}Lo = {0, 17, 24, 34, 41, 51, 58, 75}; {6}to = {0, 12, 17, 24, 29, 36, 41, 53}. 
Then, since r]{s) — 6 ^ f}{r) = 2, that additional term is not present. Thereupon: 



53,75 
Xl7,72 



Til ,712 



n<^)-im,<i)-i-1624 



(9)mi 



^(toI + 7712 - "73)' 



7772 



2(7772 -I- 7774^ 
7773 



5(7773 -I- 7774 - 7775 - 1) 
7774 

i(7775 +me-mT - 1) 
me 



i(r774 -I- 7773)' 
7775 

i(7776 -I- 777g -I- 1)' 
7777 





■17777" 


- 9 


. "^8 . 
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where m — (mi, m2, . . . , mg). The summation here extends over an infinite number 
of terms because the value of mi is unbounded. 

To obtain a finitization xTbcW X17I72' '^^ set a = 72, and can set (&, c) = 
(24, 23), (24, 25), (25, 24). The most interesting case is the latter, so we choose that. 
The Takahashi trees for a — 72 and b — 25 are given in Fig. El 



72 24 34 

25 24 27 

\ i 

25 25 

Figure 15. Formations for a = 72 and b — 25 when p' = 75 and 
p = 53. 



The single leaf-node of the Takahashi tree for a = 72 gives rise to the run 
= {{10}, {2}, {1}}. The three leaf-nodes of the Takahashi tree for & = 25 gives 
rise to the runs: 

<^ {{10, 5}, {8,0}, {1,-1}}, 

A-i^ = {{10, 5, 2}, {7, 4, 0}, {-1, 1, -1}}, 

A-g^- {{10, 5, 2}, {7, 5,1}, {-1,1,1}}. 

Setting = u{X^), = A{X^), and uf = u{Xp) and Af = A{Xf') for 
J = 1, 2, 3, we have: 

= (0,0,0,-1,0,-1,0,0,1), Af = (0,0,0,-1,0,-1,0,0,1), 

uf = (0,-1,0,-1,-1,0,0,1,1), Af = (0,1,0,1,1,0,0,1,-1), 

itf = (0,-1,0,0,-1,0,1,0,0), A^ = (0,1,0,0,-1,0,-1,0,0), 

= (1,-1,0,0,0,0,1,0,0), Af = (1,-1,0,0,0,0,-1,0,0). 

Now note that A{uf') = A{u^) = -1 = c - 6, and that A{u^) = 1 = b - c. 
Therefore, since b does not satisfy p. 36(1 . expression ((1.43|l apphes in this case to 
give: 

XrlilM^) = i^(«'^, <, L) + F{u\u^, L) + F{u\u^, L) 
= F(m^, itf , L) + F{u^,u^, L) 

+ <J^(^-4^)F(«^ «f , i) + (1 - <Z^)F(«^ «3«+, L - 1), 

the second equality being via the third case of H1.46|l . 

Using the definitions of Section [TTsl X^^ is given by {{10}, {7}, {-1}} = A"^, 

so that: 



as defined above. So 1x3 = u" ■ For convenience, we set Xl^ = X^ and 1(4 = u 



< = (0, 0, 0, 0, 0, 0, 1, 0, 0); Af = (0, 0, 0, 0, 0, 0, -1, 0, 0). 
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For j = 1, 2, 3, 4, define 'ti^^'' = {uj^ + itj^) • m for m = (mi, TO2, . . . , mg), and 



7'. Then: 



,(1) 



(1) 



'is 



(1) 



TO7, 

7716 + mj, 
mj, 



7^1 = -1624+ 2L; 
7^2 = -1624+ 2L; 
7^3 = -1530; 
7^4 = -1624. 



The quadratic term m^^^ = Cm — i^, is given by mf-'^^ — 4n*^^) as specified 
above. 

With Uij = + uf, and Q^^ = Q{uij), we have: 



Mil - (0,-1,0,-2,-1,-1,0,1,2) 
1X12 = (0,-1,0,-1,-1,-1,1,0,1) 
Mi3 = (1,-1,0,-1,0,-1,1,0,1), 
1X14 = (0,0,0,-1,0,-1,1,0,1), 



Qii = (1,1,1,1,0,0,1,0), 
Qi2 = (1,1,1,1,1,0,0,1), 
Qi3 = (1,0,0,0,1,0,0,1), 
Qi4 = (0,0,0,0,1,0,0,1). 

Then, using (|1.40() . the above expression for X72'25 24 (^) produces: 

XrlilMW = Fi{L) + F,iL) + qi^^-^'^F,{L) + (1 - q^)F,{L 1), 
where for j — 1, 2, 3, 4, we set: 

■i(L + 7772 + (M1j)i)" 
7771 



m=Qij 



j (tT^i + 7772 - 7773 + ("1^)2) 



7772 

i(7773 + 7774 - 7775 + («lj)4) 
7774 

5(7775 + 7776 - 7777 + (wijOe) 

7776 

i(7777 + {Ulj)sj 
7778 



2(7772 + 7774 + (Mlj)3y 
7773 

i(7774 + 7776 + (WljOs) 
7775 

i(7776 + 7778 + (Wlj)?) 
7777 



where m — {mi, 7772, . . . , 7775). 



0. 



Note that for j = 1, 2, the presence of 2L in 7^ implies that lim^^oo Fj{L) 
Thus, as L ^ 00, only the term Fi{L — 1) remains. This yields precisely the 
fermionic expression given above for the character Xi7'72- 



A. 3. Example 3. In this example, we provide a case when the term on the right of 
(|1.16|l appears. We will not give every detail because the expression involves many 
terms (thirty-one!), but will concentrate on how the extra term(s) are dealt with. 

Let p' = 118, p = 51, r = 27 and s = 61. Then p' /p has continued frac- 
tion [2,3,5,3], so that 77 = 3, {tfe}Lo = {-1,1,4,9,12}, t - 11, {yfe}L-i = 
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{0, 1, 2, 7, 37, 118} and {zfe}L-i = {1> 0> 1: 3, 16, 51}. Then: 

r = {1, 2, 3, 5, 7, 9, 16, 23, 30, 37, 44}; 
T' = {117, 116, 115, 113, 111, 109, 102, 95, 88, 81, 74}; 

t = {1,2,3,4,7,10,13,16,19}; 
f ' = {50, 49, 48, 47, 44, 41, 38, 35, 32}. 

Using these, we obtain the Takahashi tree for s = 61 and the truncated Takahashi 
tree for r = 27 shown in Fig. ^] 



44 



60 67 58 65 



/ 





26 29 25 28 



61 60 62 61 60 62 27 27 27 27 



61 61 



61 61 



Figure 16. Takahashi tree for s = 61 and truncated Takahashi 
tree for r = 27 when p' — 118 and p = 51. 



We see that the Takahashi tree for s = 61 and the truncated Takahashi tree for 
r = 27 have six and four leaf-nodes respectively. Thus |W(s)| = 6 and = 4. 

Therefore, for Xn\\ ^ ^^^^ sum in expression (|1.16|) runs over 24 terms F{u^,u^). 
We will not compute these terms here, but just denote this sum by X]'^^^ where 
the superscript indicates that each element of Z//(s) and U{r) is an 11-dimensional 
vector. 

From the prescription of SectionUTTS we obtain {^e}i=o = {0' 37, 44, 74, 81, 118} 
and {ie}Lo = {0^ 16, 19, 32, 35, 51}. The n 77(6 1) = fy(27) = 2 and s = 61 - 44 = 17, 
f = 27 — 19 = 8. The additional term in (|1.16() is therefore present in this case. We 
obtain p' = 74 - 44 = 30 and p = 32 - 19 = 13. Thereupon: 



51,118 13,30 , (11) 
X27;61 =X8,i7 +2^^ ' 



We now use (|1.16|l to determine a fermionic expression for Xs'^i?" • So now set p' — 
30 and p = 13. The continued fraction of p' /p is [2, 3, 4]. Note that this may be ob- 
tained directly from H1.35|l . From this, we obtain n — 2, {tk}^=o ~ 1' 8}, t = 
7, {yfc}L-i - {0,1,2,7,30}, {zfc}L-i = {1,0,1,3,13}, T - {1,2,3,5,7,9,16}, 
T' = {29, 28, 27, 25, 23, 21, 14}, T = {1, 2, 3, 4, 7} and f ' = {12, 11, 10, 9, 6}. Reset- 
ting s = s = 17 and r = f = 8, we use these values to obtain the Takahashi tree for 
s = 17 and the truncated Takahashi tree for r = 8 that are shown in Fig. 1171 

Since these trees have three and two nodes respectively, we have |Z^(s)| = 3 and 
|W(r)| = 2, whereupon the sum in expression (|l.lt)|) for Xs^i^ runs over six terms 
F{u^ ,u^). Again, we will not compute these terms here, but just denote this sum 
by ^ , where the superscript is used as above. 
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16 21 7 9 

I XX 1 i 

17 16 18 8 8 
17 17 

Figure 17. Takahashi tree for s = 17 and truncated Takahashi 
tree for r = 8 when p' = 30 and p = 13. 

In this p' ~ 30, p = 13 case, the prescription of Section [1.131 yields {C^IJ^o ~ 
{0,7,9,14,16,21,23,30} and {IJLq = {0,3,4,6,7,9,10,13}. Then here, 7^{s) = 
r](r) = 4 and s = s — 16 = 1 and f = r — 6 = 1. Therefore, we again have to include 
the extra term in (|1.16|) . After calculating p' = 21 — 16 = 5 and p = 9 — 7 = 2, we 
therefore have: 

A further use of (|1.16(l expresses Xi'i iii the fermionic form given in H1.3|l . We 

have thus expressed the Virasoro character X27'6i* fermionic form, as a sum of 
thirty-one fundamental fermionic forms. 

A finitization of this character is provided by XaVc * with a = 61 and either 
(6, c) = (62,63), (62,61), (63,64) or (63,62). We choose the latter and give a very 
brief outline of how the prescription of Section ^ produces a fermionic expression 

r 51,118 

for X6i:63,62(^)- 

With p = 51 and p' — 118, the values pertaining to the continued fraction of 
p' /p calculated above yield Takahashi trees for a = 61 and 6 = 63 that contain six 
and five leaf-nodes respectively. Thus |^/(a)| = 6 and \U{b)\ = 5. Since b satisfies 
expression (|1 .37(1 is the appropriate expression to use for X6i^63,62 

(L). The 

sum in this expression thus runs over thirty terms F{u^,u^,L). We denote this 
sumbyE^"^(X- 

We also find that ri{a) = ij{b) = 2 and a = a - 44 = 17, 6 = 6 - 44 = 19 and 
c = c — 44 = 18. The additional term in (|1.37|l is therefore present in this case. 
Again we have p' = 74 — 44 = 30 and j5 = 32— 19 = 13, whereupon: 

51,118 /T-\ 13.30 /r\ , \^ (U) t r \ 

X6i;63,62(i) = Xl7:i9,18(^) + ^ H^)- 

With p — 13 and p' — 30, 6 = 19 satisfies (|1.36|l and therefore we use (|1.37() 
once more to express Xir'ig i8(^) i'^ fermionic form. The values pertaining to the 
continued fraction of 30/13 calculated above yield Takahashi trees for 17 and 19 
that contain three and two leaf-nodes respectively. Therefore, for Xiy'ig the 
sum in expression H1.37|l runs over six terms F{u^ ,u^, L). We denote their sum 

In this p' — 30, p = 13 case, we find that 7^(17) = ?7(19) = 4 and a = 17 — 16 = 1, 
6=19 — 16 = 3 and c=18 — 16 = 2. Therefore, we again require the extra term 
from l(T37j) . With p' = 21 - 16 = 5 and p = 9 - 7 = 2, we thus have: 
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We may now use H1.37|l yet again to express Xi'3 2(-^) fermionic form. The 
result is equivalent to that given in H1.14|l . In this way, X6i'63*62(-^) expressed in 
fermionic form, as a sum of thirty-seven fundamental fermionic forms. 

In the L — > 00 limit, six of the fundamental fermionic forms that comprise 
^(")(L) tend to zero. The remaining thirty-one terms reproduce the fermionic 
expression for X27'&i calculated above. 
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Appendix B. Obtaining the bosonic generating function 
In Section lOI the path generating function Xa'bcC-^) defined by: 

where wt{h) was defined in (|2.1|l . Here we prove the bosonic expression for x^'^ c(-^) 
stated in (jl.9|l . Our proof is similar to that given in [2^ for what, via the bijection 
given in |21j . turns out to be an equivalent result. 

Let 1 < p < 1 < a < p' - 1 and L > 0. If 2 < 6 < p' - 2, then the 
definition H2.1|) implies the following recurrence relations for Xa'bcl-^)- L^P/p'J — 
[(6+ l)p/p'\ then 

(B.l) XZ.,+,{L) = q-^'^^^'hZ+,.,{L - 1) + ^t,^L - 1); 

if LWJ ^ [{b+l)p/p'\ then 

(B.2) x^-^+iW = x^Xm(^ - 1) + '?^^'^-"+'^x^;ti,.(i - 1); 

if [hp/p'\ = [(6 - l)p/p'\ then 

(B.3) x?:L-i(i) - 'z^<^+'^-^^x^;ti,,(i - 1) + x^li,,(i - 1); 

if [bp/p'\ 7^ [(6 - l)p/p'\ then 

(B.4) X^:L_i(i) = xXm(^ - 1) + 9^*'+""'"x?;ti,,(i - !)• 

In addition, H2.H) implies that: if [p/p'J = [2p/p'J then 

(B.5) x''aUL) = q^^'^-''+'h',i,{L-iy, 

if b/p'J ^ [2p/p'\ then 

(B.6) x^;?;2W = x?:s!i(i-i); 

if L(/ - l)p/p'J = Lb' - 2)p/yj then 

(B.7) xrp'-i,p'-2(i) = 'z^<'+"-'''+^'xrp''-2.p'-i(^ - 1); 

if L(p' - l)p/p'J ^ Lb' - 2)p/p'J then 

(B.8) X'ai-l,,'-2{L)=x'at-2,,'-l{L-l). 

Finally, we obtain: 

(B.9) xZ,,±M^5a,b. 

Since expressions (|B.ip - (|B.8|l enable Xa'b c(-^)' ^'^'^ 1 < a, 6, c < p' with & — c = ±1 

and L > 0, to be expressed in terms of various x^ c'(^ ~ 1)' '^i^h 1 < 6', c' < p' 

and h' — c' = ±1, the above expressions together with (|B.9p determine Xa'hc(-^) 
uniquely. 
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For 1 < p < p' and 1 < a,c < p' and < b < p', with L = a — b (mod 2) and 
L > 0, define: 



r{b,c)—pa) 



X— — 00 



L 

L+a-b _ 
2 



p'X 



^ q{Xp+r{b,c)){Xp'+a) 



X— — 00 



L 



L — a — b 



-p'X 



where 
(B.IO) 



r(6,c) = [pc/p'J +(&-c+l)/2. 



Once we establish that expressions (jB.l|l - (jB.9|l are satisfied with Xa'bc(^) 

place of Xa,b,c(-^)' '^'^ '^^'^ t^^'^ conclude that Xa,L(-^) = Xa,fc,c(^)- 

First consider the case c = 6 + 1 with [bp/p'l = [cp/p'\. Set r = r{b, b + 1) = 



for Gaussian polynomials, we obtain: 



bp/p' \ , whence r{b- 


n,b 


)^r- 


A 




A-l 




A-l 


B 


1 


B-1 


+ 


B 



\X=-c 



L-1 

(L-l)+a-(b+l) 
2 P ^ 



^(Ap+r+l)(Ap'+a) 



A— — oo 



L- 1 

(L-l)-a-(f)+l) 
2 



q^^Pp'+Hp'r-pa) 



\X— — c>o 



L-1 

(L-l)+a-{b-l) 



p'X 



- E 



(Ap+r)(Ap'+o) 



A=-c 



L- 1 

(£-l)-a-(b-l) ,^ 
2 P ^ 



= - 1) + X^ImI^ - !)■ 

Thus, holds with Xa:(,(L) in place of xlicW- 

Using r(0, 1) — 0, we calculate: 



A— — oo 

0, 



^Ap(Ap'+a) 



g A=-cx3 



^-p'X 



after changing the sign of the second summation parameter and using 



A 
A-B 



On substituting this into the previous expression when = 1, we obtain 
X^'l2(^) = q^^'^-'+'^xliiiL - 1), and thus El holds with xltcil^) place of 
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In a similar way, perhaps making use of the recurrence 



'a 




' A-1 


B 




B-1 




? 





A-1 
B 



for Gaussian polynomials, we obtain each of (|B.2|l - IIB.4p and IIB.6p - (IB.8l 



witli Xa!bJ^) in place of Xa!b,cW- 

Finally, with 1 < a, 6, c < p, we obtain: 



x^:L(o) = 



A— — oo 



X^pp' -\-X{p' r{b,c)—pa) 







2 



E 



p'X 

(Ap+r(6,c))(Ap'+a) 



since [g] = Sbm and |i(a ± &)| < p'. 

We thus conclude that if 1 < a, 6, c < p' with c = 6±1, then Xal cW = XatcW^ 



(B.ll) 



thus verifying 

In Section Ol we require an extension of this result to where c ~ or c = p' . 
In accordance with H2.3|l . extend the definition (|B.10|I to: 

' lpc/p'\ + {b-c+ l)/2 if 1 < c < p'; 

1 if c = and p' > 2p; 

r{b, c) = < if c = and p' < 2p- 

p — 1 if c — p' and p' > 2p] 

p a c = p' and p' < 2p. 

In the case p' > 2p, that the 0th and {p' — l)th bands are even implies that: 

Since r(l,0) = 1, r(l,2) = 0, r{p' -l,p') =p~l and r(p'- l,p'-2) ^p, it follows 

in this p' > 2p case that x^'b ci^) — Xa% c(-^) l^o'^ 1 < a,b < p' and < c < p' with 
&-c = ±1 and L > 0. 

In the case p' < 2p, that the 0th and {p' — l)th bands are odd implies that: 

Xaa.ol-'^J — 9^ Xa,l,2y-^)' Xa,p'-l,p'\-^) — 1 Xa.p' ^l,p' -2\^ ) ■ 

Since r(l,0) = 0, r(l,2) = 1, r{p' - l,p') = p and r{p' - l,p' - 2) = p - 1, we 
conclude that X^a^.d^) = Xai,ciL) for 1 < a, 6 < p' and < c < p' with 6 - c = ±1 
and L > 0, as required. 
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Appendix C. Bands and the floor function 

In this section, we derive some basic results concerning the floor function [-J 
and how it relates to the {p,p')-mode\ and other closely related models, ff ^ (a) 
is defined in Section (5g'f is defined in Section IT?)! ujP-p (a) is defined at the 
beginning of Sectional 

Lemma C.l. Let I < p < p' ■ If I < a < p' , e ^ {0, 1} and a' = a + [ap/p'\ + e 
then [a'p/ [p' +p)\ — Yap/p'\ and S^^f^'^^ — 0. On the other hand, ifl<a'<p'+p, 
e e {0, 1}, SPf'+P ^0 anda^ a' - [a'p/ {p' + p)\ - e then [ap/p'\ = [a'p/ {p' + p)\ . 

In addition, if a is interfacial in the {p,p')-model and — 0, or if a is 

multifacial in the {p,p') -model, then a' is interfacial in the {p,p' + p) -model. 

Proof: Let r = [ap/p' \ whence p'r < pa < p'(r + 1). Then, for x G {0, 1}, we have 
(p' + p)r < p{a + r + x) < (p' + p)r + p' + xp, so that [(a + r + x)p/ (p' + p)\ = r. 
In particular, [a'p/{p' + p)\ = r, and [{a + r + e + {—iy)p/(j)' + p)J = r. Thus 
r = [a'p/{p' + p)\ = [{a' + {—iy)p/{p' + p)\ which gives the first results. 

For the second statement, let r = [a' p / {p' -\-p) \ . Withr= [{a'-\-{—iy)p/{p'-\-p)\, 
this implies that {p' -\-p)r < p{a -\-r -\-x) < {p' +p)(r + 1) for both x G {0, 1}. That 
[ap/p'l — [a'p/(p'+p)J then follows. 

Now, if a is interfacial in the (p,p')-model and 5^'^ = then L(a+ {—iy )p/p' \ = 
[ap/p'\ ^ [{a - {-iy)p/p'\. Thus r 7^ [(a - (-l)'=)p/p'J . Clearly, this inequality 
also holds if a is multifacial. When e = 0, we have {a — l)p < rp' and thus 
(a + r — l)p < r(jj' + p) so that [(a' — l)p/(p' + p)\ < r, which when compared to 
the above result implies that a' is interfacial in the (p,p'+p)-model. Similarly e = 1 
gives (a+l)p> (r+ whence [(a' + +p)J > r + 1 , which when compared 

to the above result also implies that a' is interfacial in the {p,p' +p)-model. □ 

Lemma C.2. Let 1 < p < p' with p coprime to p' and I < a < p' . Then [a{p' — 
P)/P'\ = a - 1 - lap/p'\ . 

If, in addition, a is interfacial in the (p,p')-model and S^'^ = then a is inter- 
facial in the {p' — p,p')-model and if^f = 0. 

Proof: Since p and p' are coprime, [ap/p'\ < ap/p'. Hence [cip / p' \ -\- [a(j)' — p) / p' \ = 
a~l. 

Since the (p,p')-model differs from the (p'— p,p')-model only in that correspond- 
ing bands are of the opposite parity, a being interfacial in one model implies that 
it also is in the other. The final part then follows immediately. □ 

Lemma C.3. Let I < p < p' < 2p with p coprime to p' , 1 < a < p' and e G {0, 1} 

and set a' ~ 2a — e — [a{p' — p)/p'\. Then (^^J^j^^g = and [a'p/{j)' + p)\ — 
a-l-[a{p' -p)/p'\. 

Furthermore, if ^^'^ = then a' is interfacial in the (p, p' + p) -model. 

Proof: Lemma I C . 2 1 implies that a' = a + l — e + [a'p/p' \ . Lemma IC . 1 1 immediately 
implies that S^fi^^ ~ 0- Using first Lemma IC.ll and then Lemma IC.2I yields 
[a'p/ip' + p)J [ap/p'] = a - 1 - [aip' - p)/p'\ . 
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If 6^ ^P'P =0 then a either is interfacial in the {p' — p,p')-niodel or hes between 
two even bands. In the former case, Lemma IC . 21 imohes that a is interfacial in the 
(p,p')-model and = 0. In the latter case, a is multifacial in the (p,p')-model. 

In either case, Lemma lC.ll then shows that a' is interfacial in the {p,p' +p)-model. 
□ 

Lemma C.4. 1. Let < a < p' with a interfacial in the {p,p')-model. Let 
r — pP'P (a). Then a + r is interfacial in the (p,p' -\-p) -model and p^'^ """^(a + r) — r. 
Moreover, ujP'P'+P{a + r) = ujP'P'{a). 

2. Let p' < 2p and < a < p' with a interfacial in the (p' — p,p') -model. Let 
r — pP ~P'P (a). Then a is interfacial in the {p,p')-model and pP'P (a) = a — r. 
Moreover, if R = \rp/{p' — p)\, then ujP '~P'P (a) = r^ ujP'P (a) = and 

u;P'-P'P'{a) = r+ => ivP'P' (a) ^ {R + 1)' . 

Proof: 1. Since a is interfacial in the (p,p')-model, we have r — 1 < (a — l)p/p' < 
r < (a + l)p/p' < r + 1 whence (r — l)p' < (a — l)p < rp' < (a + l)p < (r + \)p' 
and r{p' -\- p) — p' < {a + r — l)p < r{p' -\- p) < (a + r + l)p < r{p' + p) + p' so that 
r - P l{p' + p) < (a + r- l)p/{p' +p) <r < (a + r + l)p/(p' +p) < r+p'/{p'+p) 
and therefore a + r is interfacial in the {p,p' + p)-model and pP'P +'°(a + r) — r. 
Now, [r{p' +p)/p\ — \rp' /p\ + r, whence by definition, ujP'P +^(0 -\- r) — ujP'P (a). 

2. Since corresponding bands in the (j>,p')- and the (p' — p,p')-models are of op- 
posite parity, a being interfacial in the {p' — p,p')-model implies that a is interfacial 
in the {p,p')-mode\. Then ujP ~P'P (a) = implies that r — [{p' —p)a/p' \ +1 = a — 
1— [pa/p'\+l. Thus [pa/p'\ = a — r ~ [rp' / {p' —p)\—r — R, and since a has an odd 
band immediately below it in the (p,p')-model, pP'P (a) = a — r and ujP'P (a) = R~^. 
In a similar way, ujP ~P'P (a) = ?'+ implies that pP'P {a) — a — r = R + I and 
a;P.p'(a) = (i? + 1)-. □ 

Lemma C.5. Let 0<a'<p'+p~l with both a' and a' + 1 interfacial in the 
{p,p' +p) -model and set a ^ a' ~ pP'P'+P{a'). If pP^P'+P{a' + 1) = pP'P'+P{a') + 1 
then a is multifacial in the (j),p')-model. 

Proof: Let r = pP'P '^P{a'). Then the rth band in the {p,p' +p)-model lies between 
heights a' — 1 and a' so that a' — 1 < r{p' + p)/p < a' whereupon a' — r — 1 < 
rp' Ip < a' — r so that the rth odd band in the {p,p')-mode\ lies between heights 
a — 1 and a. In a similar way, we see that the (r + l)th odd band in the {p, p')-model 
lies between heights a and a + 1. The lemma follows. □ 
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Appendix D. Bands on the move 

In the main proof that is presented in Section 17.31 whenever Lemma 16.41 (or 
similarly Lemma l6.2|l is invoked to obtain a generating function by extending paths, 
it is sometimes necessary to prove that (in the notation of Lemma l6.4|l a and a + 2 A 
are both interfacial in the (p,p')-model. In the case of a + 2 A, this is somewhat 
tricky. In this section, we present a number of quite technical auxiliary results 
which facilitate this proof. Each result examines how the relative displacement of 
two particular startpoints (or similarly endpoints) in a certain model changes under 
certain combinations of the B- and P-transforms. 

The following result examines the differing effects of a S2?-transform on two 
adjacent points which are separated by an odd band in the {p' — p,p')-model and 
for which the associated pre-segments are in even bands. 



1 



Figure 18. Situation in Lemma UTTI 



Lemma D.l. Let p' < 2p and 1 < a < p' - 2, with [a{p' - p)/p'\ ^ [(a + l){p' - 
p)/p'\, so that a and a = a + 1 are both interfacial in the {p' — p,p') -model. Let 
e, e e {0, 1} be such that S^'^p-p' = S^ JP-p' =0. Let a' = a + 1 - e + [ap/p'\ and 
a' = a + 1 — e+ lap/p' \. Then a' and a' are both interfacial in the {p,p' + p) -model 
and a' = a' + 2. In addition, [a'p/ {p' + p)\ = \a'p/ [p' + p)\ . 

Proof: Since a and d are separated by an even band in the (p,p')-model, \_ap/p' \ = 
[ap/p'J, whence a' = a' + 2 immediately. In addition, Sp ~P'P — 5? r^'^ = implies 
that e = 1 and e — 0. Then = which, by Lemma [C.ll implies that a' is 
interfacial in the {p,p' +p)-model. Similarly, (5?'^ — implies that a' is interfacial 

in the {p,p' +p)-model. Lemma fC. II also implies that SPf^^P = = 0, so that 
la'p/ip'+p)\ = lia' + l)p/{p'+p)\ = la'p/{p'+p)\. ' ' □ 

The conditions in the premise of Lemma ID. II of course imply that e — 1 and e = 0. 
However, it will be more readily applied in the stated format. 

The following result examines the differing effects of a i32?-transform on two 
adjacent points which are separated by an even band in the (p' — p,p')-mode\ and 
for which the associated pre-segments are in even bands and in the same direction. 

Lemma D.2. Let p' < 2p and 1 < a < p' - 2, with [a{p' -p)/p'\ = [a{p' -p)/p'\ 
and a ^ a -\- 1, and let e £ {0, 1} be such that S^ 'P'P' = S^^^p-p' = 0. Let a' = 
2a — e — [a(p' — p)/p' \ cind a! — 2d — e — \d{p' — p)/p' \ ■ Then a' and a' are both 
interfacial in the {p,p' + p) -model, and a' = a' + 2. 
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a N 



1 



Figure 19. Situation in Lemma EI 



Proof: Lemma lC . Sl imolies that both a' and a' are interfacial in the {p, p' +p)-mode\. 
That a' = a' + 2 is immediate. □ 

The following result examines the differing effects of a BP-transform followed 
by a B-transform on a single non-interfacial point in the {p' — p,p')-model with the 
two possible directions of the pre-segment. 



a > 



a > 



a / 

a" \ 



a' y 
a' \. 



Figure 20. Situation in Lemma E3 



Lemma D.3. Letp' <2p and2 < a <p'-2, with [{a-l){p'-p)/p'] = [{a+l){p'- 
p)/p'\, so that a is not interfacial in the (p' —p,p') -model. Leta' = a + 2[ap/p'J and 
a' = a + 2 + 2\aplp'\ . Then a! and a' are both interfacial in the {p,p' + 2p)-model. 

Proof: a is multifacial in the (p,p')-model, whence by Lemma IC.ll both a" ~ 

a+ \ap/p'\ and a" = a+l+ lap/p'\ are interfacial in the (p,p'+p)-model, (5^;fo^^ 

= 0' and [a"p/{p' +p)\ = [a"p/{p' + p)\ = [ap/p'\. A further appHcation 
of Lemma IC. II then proves the current lemma. □ 

Note D.4. Once it is determined that a and a + 2 are both interfacial in the {p,p')- 
model, it is readily seen that p^'P (a + 2) = p^'P (a) + 1. This holds even if a = or 
a + 2=p'. 
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Appendix E. Combinatorics of the Takahashi lengths 

In this appendix, we obtain some basic but important results concerning the con- 
tinued fraction of p'/p described in Section n~Sl and the Takahashi lengths {Ki}*=o 
and truncated Takahashi lengths {Ki}i=o ^^^^ ^^''^ derived from it as in Section [T31 

For fixed p and p' , let {Cf }^='o~^ be as defined in Section ri.131 In Section lE.2l we 
show that these values partition the (p,p')-model into pieces that resemble specific 
other models. 

E.l. Model comparisons. Here, we relate the parameters associated with the 
(p,p')-model for which the continued fraction is [cq, ci, . . . , c„] to those associated 
with certain 'simpler' models. In particular, if cq > 1, we compare them with those 
associated with the {p,p' — p)-model and, if cq = 1, we compare them with those 
associated with the (p' — p,p')-model. 

In the following two lemmas, the parameters associated with those simpler mod- 
els will be primed to distinguish them from those associated with the (p,p')-model. 
In particular if cq > 1, {p' —p)/p has continued fraction [cq — l,ci, . . . ,c„], so that 
in this case, t' ^ t — 1, n' = n and i'j, = — 1 for 1 < fc < rt. If cq = 1, p' / {p' — p) 
has continued fraction [ci + 1, C2, . . . , c„], so that in this case, t' = t, n' = n — 1 and 
t'^. = tk+i for 1 < fc < n'. 

Lemma E.l. Let cq > 1. For I < k < n and < j < t, let yu, Zk, Kj and kj 
be the parameters associated with the {p,p')-model as defined in Section \l.5\ For 
1 < k < n and < j < t' , let y'^,, z'^, k'^ and k'j be the corresponding parameters 
for the {p,p' — p) -model. Then: 

• Vk = y'k + z'k {0<k< n); 

• Zk = z'^. (0 < fc < n); 

Proof: Straightforward. □ 



Lemma E.2. Let cq — 1. For I < k < n and < j < t, let y^, Zk, Kj and kj 
be the parameters associated with the {p,p')-model as defined in Section P? . 51 For 
1 < k < n' and < j < t, let y'f,, z'j., n'^ and k'^ be the corresponding parameters 
for the (p' — p,p') -model. Then: 

• Vk^ y'k^i (1 < fc < n); 

• Zk= - 4_i (1 < fc < n); 

• Kj = k'^ (1 < j < t); 

• kj — Kj — k'j (1 < j < <). 

Proof: Straightforward. □ 



E.2. Segmenting the modeL Recall that the zone ^(j) = fc of an index j satis- 
fying < j < t is such that t^ < j < tk+i. We now express an arbitrary integer as 
a sum of Takahashi lengths. 
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Lemma E.3. Let 1 < s < p' . Then, there is an expression: 

a 

(E.l) s = E«A^- 

with each fii < such that < C(/^i) < C(/^2) < ••• < Cip-g) ^ and, in 

addition, for each i < g such that fii = t^(^^.-^, we have fJ-i+i > Moreover, 
the expression is unique. 

Proof: Use the 'greedy algorithm': let /i < i be the largest value such that < s. 
Then repeat with s — k^, if not zero. □ 

Informally, this expresses s as a sum of Takahashi lengths with at most one from 
each zone, and if one of these Takahashi lengths is the last element of a zone, the 
Takahashi lengths from the following zone are also excluded. Often, having formed 
the expression (jE.ll) . we set a; = if C(mi) > ^nd x — if C(mi) = to obtain 
an expression of the form: 

a 

(E.2) s = x + ^K^,, 

i=l 

with < a; < Co and 1 < C(mi) < C(/^2) < ■ • • < C(Mg) ^ ^-nd in addition, for 
each i < g such that — tQ(^^^), we have ('(/ii+i) > C(/^i) + 2, and if x = cq then 
C(m) >2. _ 

By examining the definitions in Sections ll .3l and ll .51 we see that {kj '■ ti < j < t} 
is the set of Takahashi lengths for p/{p' ~ cqp). Therefore, we have: 

Corollary E.4. Let 1 < r < p. Then, there is a unique expression: 

a 

(E.3) r = J2~^f.., 

i=l 

with ti < < tn+i for I < i < g, such that 1 < C(mi) < C(/^2) < • • • < C(Mg) ^ 
and, in addition, for each i < g such that ~ we have /ii+i > ^c(A'i)+i- 

As we saw earlier, if 1 < r < p, the rth odd band in the (p,p')-model lies between 
heights [rp'/p\ and lrp'/p\ + 1. In the following result, we use Lemma [E.3I and 
Corollarv lE.4l to provide a different prescription of this. This result was stated in 
P, p333]. 

Lemma E.5. 1. Let 1 < r < p and use Corollary \E.4\ to express r in the form 
ItEJh) . Then 

a 

1=1 

2. Let 1 < s < p' and use Lemma \E.3l to express s in the form I^E.S\} . Then 

a 

i=l 

Proof: We first prove that the two statements are equivalent. First assume state- 
ment 1, with r = X]i=i'^Aii- Now \_ps/p'\ = r if and only if lrp'/p\ < s < 
[(r + l)p'/p\. Then, on using CoroUarv IE. 41 to write r + 1 = J2i=i^>^i^ 



rp 
P 



5(2) 



sp 

7 
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have \ps/p'\ r if and only if ELi " < * - ELi " 

If '^[(l,^) 1=0 then s = X]f=i '^I'i is in this range. In this case, we obtain \ps/p' \ — 
r=(r+l) — 1 = X]f=i '^fi ~ 1 statement 1, thus giving statement 2 here. Other- 
wise, X]i=i ~ "^CCmi) 1 < '5 < Ysl=i '^•^i ■ We then claim that s ^ x + X]f=i ''^^i for 

< X < ci, since if this is not the case then there exists x' + X]f=i '^A; in this range, 
implying that s' = J2i=i '^A; also is in the range. Thence if r" = '^A; then, 

('21 

using statement 1, [p'r" /p\ — s' — <5\^ This implies that r < r" < r + 1, which 

is absurd. So a = a; -I- J2i=i '^t^i for < a; < ci, and x = only if J^^^i = 1- State- 
ment 2 then follows. By reversing the reasoning, it may be shown that statement 
2 implies statement 1. 

We now prove the two statements by using induction on the height plus the rank 
of p' /p. Let p' /p have continued fraction [cq, ci, . . . , c„] so that the height is n, and 
the rank is i = cq + • • • + c„ — 2. Assume that the two results hold in the case where 
rank plus height is n -I- i — 1 . 

First consider the case where cq > 1. For 1 < r < p, write r = X]f=i '^m;- Then, 
in terms of the parameters of the {p,p' — p)-model, r — X)i=i '^^i-i' Thereupon, 
by the induction assumption, YlUi + 4^(^1-1).! " l^ip' ^P)/p\ = lfp'/p\ - 

r. Thus, since C'(mi - 1) = CiPi), we obtain lrp'/p\ = ELi ^^^.-i + + 

Yli=i '^'fii-i ~ ^i=i '^fj-i + '^C(L) 1' required to prove statement 1 for cq > 1. 
Statement 2 then follows in this case. 

Now consider the case where cq = 1 and let 1 < s < p'. In terms of the 
parameters of the (p' — p,p')-model, we obtain s = x' + X)f=i'^Mi' Then, by 
the induction hypothesis, [(p' —p)s/p'\ + '5a:',o<^^^(^j^) q ~ Yli=i'^'ni- Thereupon, 
s — 1 — [ps/p'\ + <^2;',o'^^(]jj) 1 = Sf=i '^'fj.i^ where we have made use of Cipi) = 
C'(Aii)+l. Thence, LWp'J = ELi(«m."«mJ+^'-1+^-'.o4(L).i = ^=1 

1 + '52;',o4(),i),r If a;' = (so that s = Yl=i k^J then [ps/p'\ = YlLi '^m. -4(L),o 
as required. If a:' = 1 (so that s = 1 + X]f=i then \ps/p'\ = X]i=i '^m;; as 
required. If x' > 1 (so that s = n-x-i + X]f=i ''-Mi) then \ps/p'\ — k^^i + Yli=i '^m;- 
We thus see that statement 2 holds for the cq = 1 case. Statement 1 then follows 
in this case, and the lemma is thus proved. □ 



Since [rp' /p\ is the height of the lowermost edge of the rth odd band, this 
theorem states that with s = X]f=i'*Mi' then if C(a'i) = 0(mod2), the rth odd 
band lies between heights s and s -f 1; and if C(mi) = 1 (mod 2), the rth odd band 
lies between heights s — 1 and s. 

Lemma E.6. Let 1 < k <n and I < r < Zk- If tk < j < t then 



p'ir + kj) 




p'r 


P 




_ P _ 



Proof: Write r in the form (|E.3(I . From 1 < r < z^, it follows that g > 1, p,g < tk 
and r + kj < p. Set /Ltg+i — j, whereupon ^Mi expression of the form 
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Ea for r 



Then: 



p'{r + Kj) 



9+1 



i=l i=l 

where the first and thnd equaUties follow from Lemma TE. 51" 1). 



p r 



+ Kj, 



□ 



Lemma E.7. Let 1 < k <n and 1 < r < Zk+i- If r + Zk < p then 



p'{r + Zk) 




p'r 


P J 




. P . 



Proof: Let r be expressed in the form l|E.3(l . Note that g > 1, pi > ti and 
Hg < tk+i- Depending on the value of ^g, we reexpress k^^ + yu and k^^ + Zk 
according to one of the following five cases: i) tk < fig < tk+i- Here + yk = 

yk-i + itig-tk)yk + yk = Similarly, k^^+z^ = h) tk-i + 1 < fJ-g < tk- 

Here +yk = yk~2 + {fJ-g ~ tk-i)yk-i + Vk = yk-2 + ifJ-g-tk-i - + {yk-i + 

Vk) = K^g-i + Kt^+i. Similarly, + Zk = k^,-! + hk+i- iii) = ^fc-i + 1- 

Here + yk ^ yk-2 + {f^g ~ tk-i)yk-i + yk = yk-2 + yk-i + yk ^ yk-2 + nt^+i- 

Similarly, k^^+Zk = Zk-2+Kt^+i- iv) /Ltg = tk-i- Here Kf,^+yk = yk-i+yk = Kt^+i- 
Similarly, k^^ + Zk = kt^+i- v) ^g < tk-i- Here, no reexpressing is required. 

We now use these to examine lp'{r + Zk)/p\, tackling each of the five cases in 
turn (but leaving case iii) until last). For convenience, we set r' = X]f=i '^m; 



that r + Zk 



■ Zk in which the last two terms will be reexpressed as above. 



i) tk < i-ig < tk+i- Here, 



p'(r + Zk) 






P J 




P 



9-1 
i=l 



5(2) 



Vk 



A2) _ 
^C(mi),i ~ 



p'r 



Vk, 



where the first and third equalities follow from the case i) reexpressings above, 
and the second and fourth follow from Lemma IE.5r i^. noting when g = 1 that 

C(Mi + l) = fc = C(Mi)- 

ii) tk-i + 1 < Pg <tk. Here, 



p'{r + Zk) 




P'{r' + kf,^^i + kt,+i) 


P 




P 



9-1 



4=1 

p'r 
. P _ 



Vk, 



where the first and third equalities follow from the case ii) reexpressings above, 
and the second and fourth follow from Lemma lE.Sf 1 ) , noting when g = 1 that 
C(/ii-l)-A;-l = C(m)- 
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iv) fig ~ tk-1- If 5 > 1 then 



p'ir + Zk) 




p'ir' + Ktfc+i) 


P 




P 



9-1 



i=l 



p r 
. P 



where the first and third equalities foUow from the case iv) reexpressings above, 
and the second and fourth follow from Lemma rE.5r i'). If g = 1 then the argument 
is similar (with r' = 0), noting that i = Qitk i) i because C(ife + 1) = fc and 



v) < tk-i- Since Zk 
directly. Then 



ktf, and C(ife) — k — 1, we may apply Lemma lE.Sf ll 



p'{r + Zk) 




p'ir + kt,) 


P 




P 






a 



1=1 



p r 
. P 



Vk, 



as required. 

Case iii) requires the whole proof to be entombed in an induction argument. We 
first prove the lemma for k — 1 and k = 2. If fc = 1 then g = 1 and necessarily 
ti < Hi < t2. This k = 1 case then follows from i) as above. If fc = 2 then 
necessarily ti < ^g < t^. Except for /i^ = ii + 1 this is dealt with by i) and ii) 
above. For /^g = ti + 1, we necessarily have g = 1 so that r = 1. By definition, 
-^2 = ci, t/i = Co and 2/2 = cqCi + 1- Since p' /p = cq + l/(ci + e) where < e < 1, it 
follows that \p'{r + Z2)/p\ = cqCi + cq + 1 — \p'r/p\ + j/2, as required. 

Having established the lemma for fc < 2, we now consider fc > 2. For the 
purposes of induction, assume that the lemma holds for fc replaced by fc — 2. For 
all cases except where /ig — tk-i + 1, the lemma is immediately proved by i), ii), 
iv) or v) above. In the remaining case pig = tk-i + 1, we immediately obtain that 



+ 1 — l^t^g +Zk-1 



Then, because r < +1, we obtain r' < Zk-i and furthermore 



r' + Zk-2 < Zk-2 + Zk~i < Zk. Then, if r' > 0: 



p'{r + Zk) 




p'ir' 


+ Zk-2 


+ f^tk + l) 






p'ir' + Zk 


P 






P 










P 






p'r' 
P 


+ Vk-2 


+ '«tfc+l = 




p'r' 
_ P . 


+ K,, 






p'ir' 


P 


+ y/c = 


p'r 
_ P . 


+ 


Vk, 



where the first and fourth equalities follow from the case iii) reexpressings above, the 
second and fifth equalities follow from Lemma |E.6I and the third follows from the 
induction hypothesis. The same string of equalities may be used in the case r' — 

f2l f2) 

provided that we subtract 5^_3 ^ i— <5^g 1) from the fourth and fifth expressions: 



the third and fifth equalities then follow from Lemma fE.5r i') 
induction step and the lemma follows. 



This completes the 
□ 
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In sonic of the following results, we state that certain quantities have continued 
fractions of a certain form [do, di, . . . , dm-i, dm]- The case dm — 1 may arise for 
m > 0. This continued fraction would then not be of the standard form stated 
in Section [Ql In such a case, the continued fraction should be reinterpreted as 
[do,di, . . . ,dm-i + !]■ 

Lemma E.8. Let p' /p have continued fraction [cg, ci, . . . , Cn ] . ForO <j <t, set 
k such that tk < j < ife+i- Then: 

1- Ukfij - zkKj = (-1)''; 

2. Kj and kj are coprime; 

3. Hj/kj has continued fraction [cq, Ci, . . . , Cfc-i, j — ifc]. 

Proof: If /c — then ?/o = Ij = 0, whereupon Kj — j and kj = 1. Each part is 
then seen to hold when k = Q. For the purposes of induction, let fc > and assume 
that each part holds for k replaced by fc — 1. Note that Kt^. = yk and = Zk- The 
induction hypothesis then implies that yk-iZk ~ Zk^iyk ~ ("l)*^"^- Statement 1. is 
now verified by using Hj = yk-i + (j ~ tk)yk and kj = Zk-i + (j — tk)zk. Statement 
1. then follows for general fc by induction. Statement 2. follows immediately from 
statement 1. In the case of statement 3., the induction hypothesis states that: 

ck-iyk-i + yk-2 Vk , 1 
■ = — = Co H . 

Cfe-l^fc-l + Zk-2 Zk 



1 

Cfc-2 H 

Cfc-1 

Both sides here are rational functions of Ck-i which are positive when Ck-i is 
positive. Therefore, we may replace Ck-i with Ck-i + l/(j — tk). The right side 
yields the continued fraction [cq, Ci, . . . , Ck-i,j — tk], while the left side yields: 

(cfc-i + - tk))yk-i + Vk-2 _ Vk + Vk-i/jj - tk) _ {j - tk)yk + Uk-i _ 

{Ck-l + 1/ (j - tk))zk~l + Zk~2 Zk + Zk-l/ij - tk) U - tk)zk + Zk-l kj 

This completes the induction step, whereupon the lemma follows. □ 

Lemma E.9. Let p' jp have continued fraction [cq, ci, . . . , c„ ]. LetO<i < 2c„-l, 

and set p' = ^i+i - ^£ and p = ^£+i - ^i. 

L p' > 2 if and only if one of the following cases applies: 

i) i is odd, n > 2 and if n = 2 then cq > 1. In this case p' /p has continued 
fraction [co,Ci, . . . ,c„_2],' 

ii) £ G {0, 2c„ — 2}, n > 1 and if n — 1 then cq > 1. In this case p' jp has 
continued fraction [co, c\, . . . , c„_i]; 

Hi) i is even, < £ < 2c„ — 2, Cn~i > 1, n > I and if n — \ then cq > 2. In this 
case p' Ip has continued fraction [co, ci, . . . , c„_i — 1]; 

iv) I is even, < < 2c„ — 2, c„_i = 1, n > 3 and if n — 3 then cq > 1. In this 
case p' /p has continued fraction [cq, ci, . . . , Cn-z] ■ 

2. Assume that p' > 2, and let {Ki}*^o '^"■^ {^i}i=o respectively the Takahashi 
lengths and the truncated Takahashi lengths for p' /p. Let {kJI'^q and {k^}*^q be 
the corresponding values for p'/p. Then k[ — Ki and k[ — ki for < i < t' . 
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Proof: First note, using the definitions of Section lLSl that (when defined) y-i = 0, 
yo = 1, yi — Co, 2/2 — cicq + 1, z_i = 1, zq ~ 0, zi — 1, and Z2 — c\. We now spht 
into the foUowing four cases to calculate f/ and p using the definitions of Section 

EH 

i) . £ is odd: here p' — yn-i and p — Zn-i- So we certainly require n > 2. Since 
yn-i = '^tn-i and Zn-i = iit„-ii Lemma IE.8f 3') implies that p'/p has continued 
fraction [co,ci, . . . ,c„_2]- Then to ensure that p' > 2, we must exclude the case 
n = 2 and cq = 1. 

ii) . £ G {0,2c„ — 2}: here p' = yn and p — Zn whereupon this case follows 
similarly to the first. 

iii) . £ is even, < ^ < 2c„— 2 and c„_i > 1: herep' = yn—yn~i andp — z„ — 2„_i. 
So here we certainly require n > 1. Then p' — yn-2 + (cn-i — l)?/„_i = Kt„_i and 
similarly p = kt„-i- Lemma |E.8r 3^ now implies that p' /p has continued fraction 
[co, ci, . . . , c„_i — 1], whereupon we see that to ensure p' > 2, we must exclude the 
case n = 1 and cq = 2. 

iv) . £ is even, < ^ < 2c„ - 2 and c„_i = 1: here, p' ^ y-n ~ J/n-i = yn-2 + 
(c„_i — = 2/n-2 and p — Zn-2, whereupon this case follows similarly to the 
first. 

Statement 2 now follows immediately via the definitions of Section 11.51 □ 

Theorem E.IO. Letp'/p have continued fraction [co, ci, . . . , c„] with n > 1, and 
if n ^ 1 then cq > 1. If < £ < 2c„ — 1, then ^£ is interfacial in the (jj,p')-model 
and neighbours the S^^th odd hand. 

Proof: For n ~ \, the fcth odd band lies between heights fcco and /ccq + 1 for 
I < k < Cq. In this case, ^2/c-i = kc^, £,2k = kcQ + 1, and |2fe-i ^ £,2k ^ k for 
1 < < Co, whereupon this case follows immediately. 

Hereafter, assume that n > 2. Note that it is sufficient to prove the p' < 2p 
case: the p' < 2p case then follows because on passing from the (p,p')-model to the 
{p' — p,p') model, each band changes parity, and via Lemma FE. 21 the values ^£ are 
unchanged and the values of change to — ^i- 

If £ is odd, £ ^ 2k — 1 for 1 < ^ c„ — 1, and ^£ = fcz„ and ^£ = fc?/„. Then: 

+ {k- = y„ - + {k- l)y,, = - 5% 

where the second equality follows by repeated use of Lemma IE. 71 on noting that 
kzn < Zn-i + CnZn = Zn+1 = p, and the third follows from Lemma |E.5f 1). This 
implies that either the upper or lower edge of the ^^th odd band is at height 
For p' > 2p this immediately implies that ^£ is interfacial. 

If £ is even, £ = 2k for 1 < A: < c„ — 1, and = kzn + Zn-i and S^i = kyn + y-n-i- 
Then if n > 2, we obtain in a similar way to the odd £ case above, 

+ kyn = yn-i - ^4 + kyn = Ce- 4^1- 

This calculation is also valid for n — 2, when the validity of the third equality 
follows from zi — 1 and [p'/pj = cq = yi- As above, for p' > 2p this immediately 
implies that is interfacial. The lemma then follows. □ 
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Theorem E.ll. Letp' /p have continued fraction [cq, ci, . . . , c„] with n>\. Let 
< £ < 2c„ — 2, let p' — — ^e, o,nd let p — — ^e- Then for I < s < p' — 2, 
the parity of the sth band of the {p,p')-model is equal to the parity of the + s)th 
band of the {p,p')-model. 



Proof: Let 1 < r < p. We claim that 
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In the £ = case this holds trivially because — 
subcases: £ odd and £ even. 

For £ = 2k — 1 with 1 < k < c„ — 1, we have 
ii+i -ie ^ Then: 
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There are two other 
kzn and p = 

-6, 



where the second equality is established by repeated use of Lemma FE. 71 the validity 
of which is guaranteed because 1 < r + kzn < ^n-i + CnZn — Zn+i — P- 

For £ = 2k with 1 < fc < c„ — 1, we have = 2/n-i + kyn and = Zn-i + kzn- 
For k < Cn — 1, we have p — ^i+i £,( — ~ ^n-i, whereas for fc = c„ — 1, we 
have p — Ci+i ~ = Zn- Since zi — I, we may restrict consideration here to n > 1. 
Then: 
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where the second equality is established by repeated use of Lemma FE. 71 the validity 
of which is guaranteed because 1 < r + Zn-i + fcz„ < z„_i + c„z„ — Zn+i = p', 
and the third equality follows from a single use of Lemma lE. 71 and is valid because 
1 < r < Zn- 

Lemma fE.9f 2') states that the sequence of truncated Takahashi lengths for p' /p 
begins the sequence of truncated Takahashi lengths for p' /p. This implies that the 
expression (IE.3() for r in terms of the truncated Takahashi lengths ofp' /p is identical 
to that in terms of the truncated Takahashi lengths of p' /p. It then follows from 
Lemma lE.5f 1) that [p'r/p\ = lp'r/p\ and therefore 



Thus, for 1 < r < p, the height of the rth odd band in the (p,p')-model is precisely 
less that the height of (r + ^e)th odd band in the (p,p')-model. The theorem is 
then proved if it can be shown that there are no other odd bands between heights 



1 and ^^+1 — 1 in the (p,p')-model. This is so because, by Lemma FE. 101 the 
lowermost edge of the ^^th odd band in the (p,p')-model (if there is one) is at height 
or — 1, and the lowermost edge of the ^£+ith odd band in the (p,p')-model (if 
there is one) is at height ^e+i or f^+i — 1. □ 
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The above result shows that for < ^ < 2c„ — 2, the band structure between 
heights ^£ + 1 and ^£+1 — 1 in the (p,p')-model is identical to the band structure 
of a certain smaller model (which is specified in Lemma IE.9p . This result proves 
useful in that a certain subset of the set of paths in the (p,p')-model will be shown 
to be the set of paths that lie between heights + l and ^f+i — 1 for some £. Their 
generating function will thus be given by that of the smaller model. 

We demonstrate Lemma FE. 1 ll using the (7, 24)-model which is depicted in Fig. 1211 
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Figure 21. (7, 24)-model. 

Since 24/7 has continued fraction [3, 2, 3], we obtain y„-i = 3 and y„ = 7. There- 
upon (^o,Ci,6>6>'f4,C5) = (0,7,10,14,17,24). Lemma IrTTI states that for I = 
0, 1, 2, 3, 4, the band structure of the (7, 24)-model between heights f^ + 1 and ^e+i — l 
is identical to the band structure of a specific smaller model. The arrowed lines 
to the right of the grid in Fig. 8 show the extent of these smaller models. For 
£ = 0,1,2,3,4,, they are seen (by inspection, or by using Lemma fE.ll|) to be the 
(2,7)-, (1,3)-, (1,4)-, (1,3)-, and (2,7)-models respectively. 

Finally, we make use of Lemma IE. 71 to provide a result required in the proof of 
Theorem Eni 
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Lemma E.12. For I < p < p' , letp'/p have continued fraction [co,ci, . . . , c„] with 
either n > 3 and cq — ci ~ C2 = 1, or n = Z and cq = ci = 1 and C2 = 2. Then, 
for A = ±1, there exists no value a with 1 < a, a + 5A < p' such that each element 
o/ {a + A, a + 2A, a + 4A} is mterfacial and pP'P' (a + A) = pP-P' (a + 2A). 

Proof: First note that since odd bands are separated by either cq or cq — 1 even 
bands, then necessarily a + 3A is interfacial. Then, without loss of generality, we 
may assume that A = +1, whereupon the specified configuration arises only if 
L(a + 5)p/p'\ = lap/p'\ + 2. 

In the case where cq = ci = C2 = 1, we have p' /p = 1 + 1/(1 + 1/(1 + e)) with 
< e < 1. Then 5p/p' = |(1 + 1/(3 + 2e)) > 3 implying that [(a + 5)p/p'J > 
[ap/p'l + 3 so that this case is excluded. 

Now consider the case where p' /p has continued fraction [1, 1, 2, C3]. Here, 1/3 — 5, 
p' = Hi = 5c3 + 2, 2:3 = 3, and p — Z4 — 3c3 + 1. Use of Lemma [E.7I for fc = 3 
yields [{r + 3)p' /p\ = [p'r/p\ + 5 for 1 < r < p — 3. This shows that the (r + l)th, 
(r + 2)th and (r + 3)th odd bands lie within five consecutive bands. This also holds 
for r = because [3p'/p\ = [(15c3 + 6)/(3c3 + 1)J = 5. Thus, for every three 
consecutive odd bands, there are necessarily two that are adjacent. The required 
result then follows. □ 
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